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1 Introduction 

In this paper, using similar idea as in 0, we devise a method to compute the 
Fukaya category of certain exact symplectic manifold by reducing it to the cor- 
responding Morse category of a non-Hausdorff manifold as perturbation of the 
Lagrangian skeleton of the exact symplectic manifold. The main theorem is 
theorem 12.91 

§1.1 Background: Symplectic geometry (topology) is one of the fastest grow- 
ing branch of geometry (topology) that exhibits both the characteristics of ge- 
ometry and topology. Most of the new developments start with the well known 
fact that for any symplectic manifold (Af, w), there exists a compatible almost 
complex structure J on M (usually not integrable) that gives rise to the natural 
almost Kahler structure (M, J,g,u!). In the following we will discuss 3 such de- 
velopments relevant to us that profoundly altered the landscape of symplectic 
geometry. 

(1) In a seminal work [12j. Gromov realized that although higher dimensional 
pseudo holomorphic submanifolds of an almost Kahler manifold are non-generic, 
in the one-dimensional case, pseudo holomorphic curves are generic and usually 
form finite dimensional moduli space that can be used to understand symplec- 
tic topology of the symplectic manifold. This important work, together with 
the work of Witten from physics perspective, through the great efforts of many 
others, grew into the highly successful Gromov- Witten theory of pseudo holo- 
morphic curves that also in turn greatly impacted the complex and algebraic 
geometry. Gromov also considered the case of pseudo holomorphic disk with 
Lagrangian boundary condition that through works of Floer and many others 
was developed into the Floer theory, which is more relevant to us in this paper. 

(2) In a separate development 0, Donaldson realized that although pseudo 
holomorphic hypersurfaces are non-generic, one can still construct smooth al- 
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most holomorphic hypersurfaces that give rise to a lot of smooth symplectic 
hypersurfaces, through similar technique as the construction of complex hyper- 
plane sections in complex geometry. In [S], Donaldson further constructed a 
family of almost holomorphic sections that gives rise to symplectic Lefschetz 
pencil, which through the works of Donaldson and many others have been ap- 
plied with great success to the understanding of symplectic 4-manifolds, where 
coincidcntally, Gromov's pseudo holomorphic curves and Donaldson's almost 
holomorphic symplectic hypersurfaces meet. 

(3) In yet another separate development [HI, Eliashberg and Gromov discussed 
the Lagrangian skeleton of convex symplectic open manifolds that is related to 
the Lagrangian skeleton of Stein manifolds studied by Eliashberg. P. Biran (|2]) 
and others studied the special case of complement of hyperplane sections in a 
projective algebraic manifold as convex symplectic open manifold, and yielded 
many interesting results. (It is worth mentioning that the almost holomorphic 
hyperplane sections constructed by Donaldson in 0j is ideal to be used to figure 
out Lagrangian skeleton for general symplectic manifolds.) 

The greatest common strength of all these three very important developments 
is their general applicability to ALL symplectic manifolds, which makes them 
extremely powerful tools in symplectic geometry. While Gromov- Witten invari- 
ants of pseudo holomorphic curves (more precisely, the quantum cohomology) 
can be effectively computed quite generally owe to the powerful machinery of al- 
gebraic geometry, there are very few techniques and results available that can ef- 
fectively compute Gromov- Witten-Floer invariants of pseudo holomorphic disks 
with Lagrangian boundary conditions (more precisely, the Fukaya categories) in 
general. 

To compute Fukaya category effectively, certain structure theorem of symplectic 
manifolds is needed. Donaldson's construction of almost holomorphic symplec- 
tic hypersurfaces and Lefschetz pencils provide such kind of structure theorems. 
Based on his work of symplectic Lefschetz pencil, Donaldson devised a pro- 
cess to compute the Fukaya category inductively through symplectic Lefschetz 
pencil. Such process was carried out in P. Siedel's proof of homological mirror 
symmetry for quartic K3 surfaces (E^)- However, due to its inductive nature, 
this process will become increasingly complicated as dimension increases. (The 
dimension 2 case is already quite involved.) 

Our work starts from the view point that Donaldson's Lefschetz pencil and 
Lagrangian skeleton of Eliashberg and Gromov (both can be constructed via 
certain almost holomorphic sections) can be viewed as two sides of a coin. One 
should be able to uncover the symplectic geometry (topology) of the symplec- 
tic manifold through cither one of the two complementary structures. On the 
other hand, the mechanisms of the two sides are quite different. Donaldson's 
Lefschetz pencil approach inductively reduces higher dimensional symplectic ge- 
ometry (topology) to lower dimensional ones, while Lagrangian skeleton reduces 
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the symplectic geometry (topology) of the symplectic manifold to the real ge- 
ometry (topology) of the Lagrangian skeleton. The purpose of this paper is 
to devise an effective method to compute Fukaya category through Lagrangian 
skeleton. It turns out that the complexity of the computation through La- 
grangian skeleton does not increase significantly with dimension, which makes 
it potentially valuable especially for computing the Fukaya category of higher 
dimensional symplectic manifolds. 

In |19) . we give an alternative construction of Donaldson's symplectic hypersur- 
face and Lefschetz pencil, which can be expressed rather explicitly according 
to a ball cover of the symplectic manifold. The Lagrangian skeleton will be 
constructed in a sequel of which can also be expressed quite explicitly. In 
principle, results in this paper should be helpful for computing the Fukaya cat- 
egory of a general symplectic manifold through such Lagrangian skeleton. 

The homological mirror symmetry conjecture by Kontsevich |13| is an important 
mathematical conjecture grows out of the physical mirror symmetry conjecture, 
that identifies the Fukaya category in symplectic geometry with the derived 
category of coherent sheaves through mirror symmetry. The main difficult is in 
the symplectic side due to the lack of understanding and means of computing 
the Fukaya category. This work will be used in my joint work with A. Bondal 
P] to prove Kontsevich's homological mirror symmetry conjecture for weighted 
projective space of general dimension generalizing works of Auroux, Kazarkov, 
Orlov P and Seidel EHl • This work can also be used to generalize Seidel's 
proof of the homological mirror symmetry for quartic K3 j24! to higher dimen- 
sion Calabi-Yau )2()| . 

§1.2 Setting: A symplectic manifold (M, w) is called exact if cu = da for a 
1-form on A/. An exact symplectic manifold is necessarily open. Major ex- 
amples of exact symplectic manifolds are cotangent bundle of a real manifold 
and Kahler manifolds with global Kahler potential, in particular, when M is an 
affine algebraic manifold and lu is the Kahler form of a complete Kahler metric 
on M with global Kahler potential h so that /i^^((— oo, c]) is compact in M for 
any c <E M. 

Without loss of generality, we may assume that ft, is a Morse function. Let L be 
the union of the stable manifolds of the gradient flow of h with respect to the 
Kahler metric. It is straightforward to check that uj\i^ = 0. L is the isotropic 
skeleton of {M,uj). When L is of middle dimension, it is called the Lagrangian 
skeleton of {M,u!). We assume the existence of isotropic (Lagrangian) skeleton 
in this paper. 

As pointed out in isotropic (Lagrangian) skeleton exists in more general 
situations, for example, when the exact symplectic manifold is of Weinstein 
type. Let (M, to = da) be an exact symplectic manifold. Let (jjt be the flow 
generated by the vector field v satisfying lyUj = a. Notice that the flow is exactly 
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the gradient flow of h for the Kahler case. The purpose of the Weinstein type 
condition is to ensure that (f>t behave hke a gradient flow. In general, 

L^a ~ lyda + d{a, v) — a, — ~ (p^a, (jj^a = e a. 

Let L C M be the corresponding Lagrangian skeleton. Since v is tangent to 
L and w|l = 0, we have a\i^ — 0. In particular, L is exact. (In the simplest 
situation of M = T*L being the cotangent bundle of a real manifold L with the 
canonical exact symplectic structure, the Lagrangian skeleton L = L is smooth.) 

Let Lq be an exact Lagrangian submanifold, namely, a\Lo = d/o- Then i^wl^^j-^^-) 
= d{e* fo). Hence (/f)t(Lo) is a Hamiltonian deformation family starting from Lq, 
and approaches the Lagrangian skeleton L when t +00. 

Heuristically, under such limiting process, the pseudo holomorphic polygons 
needed to compute the Fukaya category will degenerate to certain gradient tree 
on the Lagrangian skeleton in similar fashion as in the much simpler situation 
of M being the cotangent bundle of a real manifold in [Sj. In such way, the 
Fukaya category of the exact symplectic manifold (M, oj) can be identified with 
certain Morse category of the Lagrangian skeleton L, therefore can be computed 
through counting of rigid gradient trees when the Lagrangian skeleton is rea- 
sonably structured. 

It will be ideal and more canonical to make sense of such Morse category di- 
rectly with objects being the piecewise smooth top dimensional submanifolds 
in L. Since Fukaya category was only defined for smooth Lagrangian submani- 
folds, for technical reasons from analysis, such more canonical approach is very 
difficult to realize. 

Instead, difficulty with singularities can be avoided by perturbing the singular 
Lagrangian skeleton L into a smooth Lagrangian non-Hausdorff submanifold .if 
that is exact, which we will still call Lagrangian skeleton for simplicity. (See 
remark for non-Hausdorff manifold.) The non-Hausdorff submanifold per- 
turbation is chosen in the way such that the exact Lagrangian submanifolds 
that is relevant to the specific A°°-product computation can all be realized as 
smooth Hausdorff submanifolds of For most of our applications, there is a 
natural choice of the non-Hausdorff submanifold perturbation that is enough to 
compute all the A°°-products among the generators of the category. In more 
complicated cases, one may need to use different non-Hausdorff submanifold 
perturbations to compute different yl°°-products. But The technical difficulty 
for all this cases are essentially the same and is discussed in this work. (We 
should mention here that with very different purpose in mind does show 
some close resemblance and relation to a special case of our work.) 

§1.3 The relation to 0: Work of Fukaya and Oh (0 that bears the influ- 
ences of Gromov, Floer, Donaldson, Kontsevich, etc.) contributed greatly to 
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our understanding of Fukaya category and its relation to classical Morse cate- 
gory, and was quite ahead of its time. Our work is greatly inspired by and 
is very much following the foot steps of [U] closely in general framework and 
many ideas. To better understand our work, it should be helpful to consult 
|H] for background, references and the origin of many of these ideas. It is our 
hope that our work could contribute in a small way to the improvement and 
generalization of this important work. 

(1) On the other hand, our method is quite different from the traditional ap- 
proach starting from Floer |S] and is subsequently followed in Fukaya-Oh [5]. 
First of all, we use Holder norms (More precisely, C"'^'"-norm) for our estimates, 
which is quite different from the traditional approach using various Sobolev 
norms that owe to the great success of psedo-differential operators via the ad- 
vanced technology of Fourier transformation. Secondly, rescaling method and 
Cheeger-Gromov convergence is used extensively and systematically in our work. 
Thirdly, elementary inverse function theorem is used to prove the existence re- 
sults of pseudo holomorphic disks, instead of more sophisticated method of 
parametrix used in [2| . 

(la) Being pointwise norms. Holder norms are more classical than Sobolev 
norms and are in a sense more natural geometrically. One obvious disadvantage 
of Holder norms is that they can not take advantage of the powerful pseudo- 
differential operator estimates via Fourier transformation, especially for higher 
derivative estimates, Sobolev norms are more flexible to use. One important 
motivation for us to use the Holder norms is the realization that the purpose 
of studying pseudo holomorphic disks is to count them in order to understand 
the symplectic topology. Consequently, higher derivative estimates of pseudo 
holomorphic disks are not absolutely necessary for such topological purpose. It 
turns out, quite surprisingly to the author, C^'"-smoothncss of pseudo holo- 
morphic disks is all one need to count the pseudo holomorphic disks correctly 
and establish the Fukaya category in the context of our work. It also turns out, 
quite surprisingly to the author, that all these C-^'"-estimates can be derived in 
quite elementary fashion using nothing more than Cauchy integration formula 
and its generalizations, in another word, via the potential theory. 

Pseudo-holomorphic disk can be viewed as generalization of holomorphic disk 
or special case of minimal surface. It is interesting to see how much of pseudo 
holomorphic disk theory can be reduced to the theory of one variable holomor- 
phic functions, which is based on simple things like Cauchy integration formula 
and is widely known, and how much of pseudo holomorphic disk theory has to 
resort to minimal surface theory, which in general involve quite sophisticated 
and difficult non-linear PDE methods that is only accessible to experts. Or 
as termed in Oh |16| (with not necessarily the same exact intended meaning), 
holomorphicity versus harmonicity. Our work indicates that estimates of pseudo 
holomorphic disks in our context can be derived via holomorphicity instead of 
harmonicity. 



5 



(lb) The method of rescahng and Cheeger-Gromov convergence was pioneered 
by Gromov and widely used since then. It is a very simple idea that turns out 
to be extremely powerful when used in combination with suitable estimates. It 
is also used for some of the arguments in [S]. The extensive and systematical 
use of this method in this work is crucial in reducing our arguments to the basic 
C^'"-estimates. It is interesting to notice that the Cheeger-Gromov convergence 
results needed for such arguments are of the most classical and standard type 
(see remark im . 

(Ic) Implicit function theorem is among the simplest and most direct methods 
in proving existence results, provided suitable global norms can be constructed 
that enable one to prove the linearized operator is invertible or more precisely 
a quasi-isometry between Banach spaces. This method enable us to avoid the 
delicate gluing construction of the right inverse operator in [H] . In this paper, 
gluing argument is only used to construct the approximate solutions. 

(2) |S] mainly consists of 2 parts. The first part shows the convergence of pscudo 
holomorphic disks to gradient tree. The second part shows the construction and 
uniqueness of a holomorphic disk near a gradient tree. Our work concerns sym- 
plectic neighborhood of non-Hausdorff Lagrangian submanifold generalizing [S]. 
The generalization from |5] mainly occurs in the first part. For the second part, 
since gradient tree is contractible, it is always inside a Hausdorff Lagrangian 
submanifold L in the non-Hausdorff Lagrangian submanifold ^ . In principle, 
result in the second part of [H] (suitably modified) can be applied to construct 
the pseudo holomorphic polygon corresponding to the gradient tree. 

Since the norm used in the first part of our work is different from |^, to apply 
the second part of |H1 to our situation, additional arguments would be needed 
to address the transition between 2 types of norms. Instead, in our second part, 
we provide an alternative proof of the existence and uniqueness result for the 
pseudo holomorphic polygon using C^'"-norm and inverse function theorem. 
Beside satisfying our curiosity on testing the potential and limitation of our 
elementary approach via C^'"-norm, the more important reason is that we need 
to treat a special case of gradient tree (called exceptional gradient tree here) that 
was ignored in [H] and is very important for our application later to homological 
mirror symmetry. A less substantial difference, which is also necessary to be 
addressed is that [5] was proved for the canonical almost complex structure of 
M ~ T*L determined by a metric on L, while wc only assume the Lagrangian 
fibres to be orthogonal to L. 

Remark 1.1 In our proof, we also need the general property of pseudo holo- 
morphic polygon that sup |Dw(i)| is finite, which, for example, is a consequence 
tee 

of the more precise estimate of lemma 9.3 in It comes down to the C°'^- 
estimate according to the area bound, which is the W^'^ -bound of the pseudo 
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holomorphic disk. Soholev norm clearly has advantage for such result. This is 
the only estimate we use that we have to resort to the traditional method with 
Sobolev norm. The only result in this paper not fully proved is the index result 
of the linearized operator necessary to prove the surjectivity of the linearized op- 
erator. We only showed how the index result from \^ ( not including the case of 
exceptional gradient tree) implies the index result in our case. A full proof of the 
index result (including the case of exceptional gradient tree) using a geometric 
C^'" method will be provided in a forthcoming paper because the proof has 
its independent flavor and fit naturally into a different context. 

§1.4 Organization: The layout of this paper is similar to In section 2, we 
explain in detail and prove the main result ftheorem l2.9() based on results from 
later sections. 

Sections 3, 4 and 5 discuss basic results and estimates necessary mainly for sec- 
tion 6 and also for later sections. Section 3 contains basic results for Cheegcr- 
Gromov convergence. Section 4 contains elementary discussion of conformal 
models of the disk and some basic facts of holomorphic functions of one com- 
plex variable that we need. Section 5 contains the basic interior and boundary 
C^'" estimates of pseudo holomorphic disks and corresponding convergence re- 
sults. 

Rigid pseudo holomorphic polygons are related to rigid gradient trees in section 6 
(theorem l6.15|) . which effectively reduces our discussion from the non-Hausdorff 
situation to the Hausdorff situation (see remark 15. 

In section 7, the approximate pseudo holomorphic polygon necessary for the 
existence result is constructed from a rigid gradient tree with estimates derived. 

Sections 8 and 9 establish the framework and basic estimates for proving the 
existence of pseudo holomorphic polygon through inverse function theorem. 

The invertibility of the linearized operator is proved in section 10 ftheorem ll0.5() . 
therefore finishes the proof of the existence of pseudo holomorphic polygon. The 
uniqueness of pseudo holomorphic polygon near a rigid gradient tree is proved 
in section 11 ftheorem lll.3|) . therefore finishes the proof of our main theorem. 

Convention of notations: z = + iz^ denotes the decomposition of a 
complex number into its real and imaginary parts, "lim" means " lim " un- 

k — v+oo 

less otherwise specified. A = 0{B) if there is universal constant C > such 
that 1^1 < C\B\. A ^ B ii A = 0{B) and B = 0{A). Ak = o{Bk) if 
lim(|^fc|/|i3fe|) = uniformly. C and its variations are used as positive con- 
stants for estimates that may differ from expression to expression. V/ (resp. 
Ti-f) is used to denote the gradient (resp. the Hessian) of a function /. Each of 
a, i, C, etc. has been used to represent different meanings that are unlikely to 
be confused from the contexts. 
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2 Fukaya category and Morse category 

Being an active part of the youthful symplectic geometry, Fukaya category is 
still in its infancy. Despite great effort by many people, the precise definition 
in general is still urgently needing to be pined down and worked out. Very few 
systematical methods are available to compute Fukaya category effectively. This 
is not to say we know nothing about Fukaya category. In fact, a great deal of 
general structure and properties of Fukaya category is already well understood. 
We also have quite complete understanding of some important subcategories of 
the Fukaya category in various cases. A rather effective method is to use our 
general understanding of the Fukaya category to show that certain well under- 
stood subcategory in effect generate the full Fukaya category. (In a remarkable 
success story, P. Seidel was able to use such method to determine the Fukaya 
category for the quartic K3 surface in ^^.) 

Fukaya category of a general symplectic manifold in its simplest version should 
contain Lagrangian submanifolds as objects. The morphism group between 
such Lagrangian objects in general position should be generated by the La- 
grangian intersection points. Fukaya category is a A°°-category, namely, there 
are a sequence of products among the morphism groups satisfying A°° 
compatibility conditions that can be computed via weighted counting of holo- 
morphic polygons (disks) with boundary in the Lagrangian objects. The A°° 
structure satisfies certain definite homotopy properties under Hamiltonian de- 
formation of the Lagrangian objects, which more or less reduce the computation 
of the A°° products to among the Lagrangian objects in general positions. The 
main invariants of the Fukaya category are encoded in the A°° products. (We 
should remark here that although the general definition of Fukaya category is 
still under construction, such symplectic invariants for Lagrangian submanifolds 
modulo Hamiltonian deformations including the Floer homology as special case 
can already be rigorously defined.) Whatever the precise context and precise 
definition of the Fukaya category might be, the most important ingredient in 
our understanding of Fukaya category is the computation of these A°° products, 
in] did just such computation for exact Lagrangian objects in the special case 
of cotangent bundle of a real manifold as a symplectic manifold by reducing it 
to the A°° products in the corresponding Morse category of the real manifold, 
which can be computed by classical means. 
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Therefore, in this paper, instead of worrying about the general definition of 
Fukaya category, we wiU concentrate on the computation of such A°° products, 
which is rigorously defined for general positioned Lagrangian objects. More 
precisely, we will compute the A°° products for general positioned exact La- 
grangian objects in convex symplectic manifold (as termed by Eliashberg and 
Gromov) that is wrapped around so-called Lagrangian skeleton of Eliashberg 
and Gromov. Analogue to the approach of [^l, we identify the A°° product 
of the Fukaya category with the corresponding A°° products in certain Morse 
category of the Lagrangian skeleton. In some cases, when Fukaya-type category 
can be defined rigorously, and the full category is generated by such Lagrangian 
objects, (for example, the Fukaya-Seidel category in our computation 

will be able to determine the full structure of the Fukaya-type category. 

For technical reason, it is convenient for us to define the Morse category on the 
Hamiltonian perturbation of the singular Lagrangian skeleton into a smooth 
non-Hausdorff Lagrangian submanifold (skeleton) . Such perturbation is usually 
straightforward to be done in a case by case basis. In this paper, we will start 
with such smooth non-Hausdorff perturbation of the Lagrangian skeleton, which 
is necessarily exact as indicated in the introduction, and consider Lagrangian 
submanfolds as small Hamiltonian deformation of top dimensional Hausdorff 
submanifolds of the smooth non-Hausdorff Lagrangian skeleton. 

§2.1 Symplectic neighborhood of a non-Hausdorff manifold 

We start with the following version of Darboux-Weinstein neighborhood theo- 
rem. 

Proposition 2.1 For a n-manifold L and a Lagrangian immersion il : L 
{M,uj),and a Lagrangian subbundle N of i*iTM that is transverse to TL as 
suhbundle ofi*j^TM. There exists a tubular neighborhood of L in {T*L^uJi) 
together with the Lagrangian fibration tt^ : Ul L, so that ij^ can be extended 
to an open symplectic immersion cl ■ {Uli^l) iM,iu), under which, T*L as 
subbundle o/TUlIl "is identified with N as subbundle of (e*j^TM)\L ~ i^TM. 

Proof: The proof of this result is a straightforward generalization of the proof 
of the standard Darboux-Weinstein neighborhood theorem. 

Since the proof is local in nature, without loss of generality, we may assume that 
iL is an embedding, uj induce an identification N ^ T*L. It is straightforward 
to extend this identification to a smooth open embedding i^ ■ Ul ^ M for a 
tubular neighborhood Ul of L in T*L, so that T*L as subbundle of TUl\l is 
identified with N as subbundle of [ilTM)\L = ilTAL 

= (1 - t)LOL + ti}^LO 

defines a family of symplectic forms on Ul- There exists a smooth 1-form a on 
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Ul such that lui — luq ~ da. 

Through adjustment of exact 1-form on Ul, one can ensure that a — 0(|pp) as 
a 1-form on Ul, where L = {p = 0}. 

Let 0t be the flow generated by the family of vector fields {vt} such that ly^ujt = 
—a. Then 0j Wt = wq for t € [0,1]. In particular, ~ iL°4'i '■ {Ul,^) — > (M, to) 
gives the desired open symplectic embedding. □ 

For any subset S C L, define Us := Ul D T*L\s. We have the following 
refinement of proposition 12. II 

Proposition 2.2 In vrovosition \2.1V assume that N^-^ = N^^ for any Xi,X2 G 
L such that il{xi) = il{x2)- can be constructed in such a way so that 
gl{Uxi) — &l{Ux2) for any xi,X2 G L satisfying il{xi) = il{x2)- Furthermore, 
if {il)*Tx-^L = (j,L)t:Tx2L, then the affine structures on the Lagrangian fibre 
gl{Uxi) " &l{Ux2) determined through Uxi and Ux2 coincide. 

Proof: Let Li (resp. L2) be the image of a neighborhood of xi (resp. X2) in 
L under the map il '. L ^ M. Let L12 = Li D L2. We may first construct 
e-Li ■ {Uli,i^Li) — *■ iM,uj) according to proposition 12. II Then extend eLi\uLi2 
to iL2 on Ul2- Then the a = 0(|pp) can be adjusted by exact 1-form so that 
(x\uli2 ^ ^' Consequently, the Lagrangian fibres under cli and coincide 
over Li2. When il is constructed in such a way, eLiUx^) = eL{Ux2) for any 
xi,X2 & L satisfying il(xi) = il(x2). li Li is tangent to L2 at il{xi) = il{x2), 
we may further ensure that a viewed as a section of TUl2 vanishing on L12. 
Consequently, the affine structures on the Lagrangian fibre CLiUxi) = &l{Ux2) 
determined through Ux-^ and Ux2 coincide. □ 

Remark 2.3 [non-Hausdorff manifold]: Let ^ he a compact non-Hausdorff 
n-manifold, by identifying any 2 points in ^ that is inseparable, we get a sepa- 
rable topological space ^ and the natural projection n : ^ . J/f still carry 
a system of (not necessarily open) charts inherited from I£ . ^ is very much 
like a manifold, tangent bundle and submanifolds etc. all make perfect sense. 
Use the system of charts, the original non-Hausdorff manifold can be recov- 
ered from I£ . To avoid confusion, we will call such I£ together with the charts 
a NH manifold. We should note here that the system of charts on I£ that is 
compatible with the tangent bundle of S£ is not unique and give rise to different 
non-Hausdorff manifolds In our discussion, ^ is a smooth Lagrangian NH 
skeleton of (M, uj) , which is Hamiltonian equivalent to a usual Lagrangian skele- 
ton. We will also consider n-manifold L,j together with a map il^ ' Li — > 
where il^ = tt o ^L; o,rid il^ : Li ^ is an immersion. One can observe that 
only charts of .5£ that come from charts of some Li are relevant in our discus- 
sion. In such situation, we may also consider il^ as a Lagrangian immersion 
from Li to (M, oj) . We should point out here that for all practical purpose, it is 
possible (although quite inconvenient) to avoid mentioning the NH manifold ^ 
and only refer to il^ : Li M in all our discussion. 
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Let .2' be a compact NH Lagrangian submanifold in a symplectic manifold 
(M, w). Let Li be a n-manifold together with an immersion z^. : Li ^ . Due 
to the structure of when Li self-intersect, the tangent spaces always coincide. 
Apply propositions 12.11 and 12 . 21 to N being the normal bundle of Li with respect 
to the metric, wc have the open symplectic immersion e^. : {Uhi , ^lJ — > (-^, 
together with the Lagrangian fibration tt; ~ tt^. : J/l^ L^. Define the La- 
grangian immersion i^f^ — ei^^(tdji) : Li — > (A/, w), where fi is a function on Li. 
Let A)^ = Ae/. := 

For z 7^ j, it is reasonable to assume that the fibre product := LiX^e Lj is a 
union of closed regions with smooth boundaries. fij{xi,X2) ■= fjix2) — fi{xi) 
for (xi^X2) G Lij = Li X s£^j defines a function /j^ on Lj^ , which we will assume 
to be a Morse function with only critical points in the interior of Lij. 

Via projections of Lij to Li and Lj, locally, Lij can be viewed as subset in 
Li and Lj. Via (rcsp. Lj), Lij can be extended to an open manifold Li 
(resp. Lj) as a small open neighborhood of so that Lij = Li n Lj, and 
Lij = LiU Lj can be viewed as a smooth NH manifold with Lagrangian immer- 
sion ij^ : Li Li ^ {M,Lu) (rcsp. ij^ : Lj Lj {M,lu)). 

Locally near a point in dLij, we may identify Li (resp. Lj) and Ul^ (resp. Ul-) 
with their embedded images in M and view Lij as a closed region in Li (resp. 
Lj). Let Li (rcsp. Lj) be a small neighborhood of Lij in Li (rcsp. Lj). Then 
Lj coincides with Af^^ inUj^, for a smooth function hij defined on Li such that 
Lij = {hij ~ 0}. Similarly, there is a smooth function fj on Li such that A^j^ 
coincides with A^ in . By proposition 12. 21 one can ensure fj ~ fj and 
fij = ftj on Lij C Li, where /y := /j - fi. 

We will assume that V/^ is pointing outward (resp. inward) on dLij if hij > 
(resp. /lij < 0) near dLij. Under our previous assumption that dfij on dLij, 
this condition is equivalent to {V fij,\7hij) > outside of Lij. This condition 
will prevent any intersection of Ay and A^, near dLij. Consequently, under our 
assumptions, e A^-, Ci Ay if and only if x = 7ri(x^) — 7rj(x^) is in the interior 
of Lij and is a critical point of fij . 

Remark 2.4 Since immersion is locally embedding. When we perform local 
discussion, we may regard i^. (resp. cl^) as embedding, then it is convenient 
to identify Li (resp. ULi) with its embedding image in M. We will keep such 
practice through out the paper without mentioning it each time, whenever we are 
performing such local discussion. 

Remark 2.5 [embedded versus immersed Lagrangian submanifolds]: 

The usual (embedded) Lagrangian submanifold in a symplectic manifold {M,u;) 
can be viewed as the image of a Lagrangian embedding from a manifold L to 
{M,uj). We can generalize this concept to immersed Lagrangian submanifold as 
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the image of a generic Lagrangian immersion from a manifold L to (M,lu). By 
generic immersion, we mean that the image of the manifold only self intersects 
transversely at isolated points. 

The simplest generic condition on individual Ay. is to require it to be an em- 
bedded Lagrangian submanifold. This condition is not as restrictive as it might 
sound. In usual Fukaya category, one only consider embedded Lagrangian sub- 
manifold as objects. Under the flow discussed in the introduction, an embedded 
Lagrangian submanifold will remain embedded before it is collapsed into the La- 
grangian skeleton at the limit. If we are considering the usual Fukaya category, 
Li is meant to be such collapsed remain of an embedded Lagrangian submanifold 
under the flow, and should be Hamiltonian equivalent to an embedded Lagrangian 
submanifold. Consequently, it would be quite reasonable to assume Ay to be an 
embedded Lagrangian submanifold. 

On the other hand, it make sense to generalize Fukaya category to include im- 
mersed Lagrangian submanifolds as objects (see remark W^) . Our computation 
actually work in this more general context. Namely, we only need to assume 
that Ky is an immersed Lagrangian submanifold. Such added flexibility should 
be beneficial even for computation in the usual Fukaya category. 

§2.2 A°° products in Fukaya category 

Let D[n] denote the unit disk D = {i G C : |i| < 1} with N marked points 
{Pi,---,Pn} located in = 9D according to the counter clockwise cyclic 
ordering. There is the natural decomposition (?D[f,] := 9D \ {pi,---,Pn} = 
9iD[n] U • • • U i9nD[n], where 9iD[N] is between Pi_i and p^ with index i viewed 
as an integer modulo N. Let denote the moduli space of such Orj^ji . 

For a compatible almost complex structure J on (M, w), functions / = (/i, • • • , /n) 
and Lagrangian submanifolds A"^ = i^/ J" '^ith Lagrangian intersection points 
x'^ = (xf,---,x^), where xj e A^-. n A^.^^, we may define the moduli space 

Mj{M, A^, X ) that consists of pairs Orjsji — (O, {P?}) G Xis[ and pscudo holomor- 
phic map w : (p,diB[^],Pi) (Af, A)^ , x.^). 

Remark 2.6 If is an immersed Lagrangian submanifold, we need to require 
that w{diD[f^]) to be a smooth curve in A^. . Namely, w(9iD[N]) does not connect 
2 local components of Ay through a self-intersection point. 

Clearly, x^ = 7r,i(xJ) € Lij^i is a non-degenerate critical point of where 
TTi : — > Li is the natural projection. Let /i(Xi) be the corresponding 
Morse index. Any version of the definition of the Fukaya category necessarily 
should have shown that under the corresponding norm, the virtual dimension 
of A^j(M, A%x') is 
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Ind(/, x) = ^ /i(x,;) - (n - l)n + (n - 3). 

1=1 

To define the A°° products, it is convenient to assume / = (/o, ■ ■ ■ , /n)- Then 

N-l 

Ind(/, x) fi{x^) + ^(Ai(xO - n) + (n - 2). 

1=0 

Define Hom(A^_ , A)^. ) = CF* ( , A}^. ; R) = SpanK(A}^ n A}^ ), then the A°° 
product Ton : Hom(A}^^, A)J ® • • • ® Honi(A)^_^ , A)J ^ Hom(A}^, A}^)[2 - n] 
every version of the definition of the Fukaya category can agree on is 

(2.1) TO^,kayJK],...,[x^_J)= J2 #MjiM,A^,r)[xl]. 

«^ "to " 

Ind(/. X) = 

Remark 2.7 Notice that A4j{M,A'^,5t) is the same under whatever norm one 
uses to discuss it. Therefore, to actually compute the product, one may use 
whatever norm one please, as long as one can show that for generic fi and 
small e, when Ind(/,x) = 0, the linearized operator at w £ Aij{M,A'^,5i') has 
zero kernel, which implies dim A^,/(M, A"^, X*^) = in particular. 

§2.3 products in Morse category 

Recall that ^ is a smooth n-dimcnsional NH manifold. An object of the Morse 
category of ^ is a pair {Li, fi) together with an open immersion i^. : Li .jSf , 
where Li is a n-dimensional manifold and fi is a smooth function on Li. The 
genericity assumptions for [Li, fi) are stated in page llSl (For brevity, we will 
simply refer to the object (Li, fi) by fi in this section.) 

A graph F has a set C^(F) of legs and a set C°(r) of vertices. 1-valent vertices 
form the set of external vertices C°xt(r). The rest in C°(F) form the set of in- 
ternal vertices CiJjt(r). Legs reaching 1-valent vertices form the set of external 
legs C(^xt(-r)- The rest in C^(F) form the set of internal legs Cj^„t(F). 

A graph F can be viewed as a metric graph or a topological one. As a metric 
graph, F comes with leg length > for each i' e C^(F). We assume that 
the metric graph is complete, namely, 7^ = -foo if and only if v € Cl^^.{T). 
The topology of F is captured by the set of strata C*(T) C°j(F) U C^F) 
together with the inclusion relations. A topological map from Fi to F2 is a 
map C*(Fi) C*(F2) that preserve the inclusion relations. In particular, 
Chit(ri) C'hit(r2)- 
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We are interested in tree graph with cyclically ordered external vertices C°xt (r) = 
{Pi,---,Pn} and no 2-valent vertices, which is called a ribbon tree in |^. It 
is convenient to denote Cl^^{r) = {j/i, • • • , z/n}, where leads to P^. In [S], 
Gn (resp. Gr^) denotes the moduli space of ribbon trees F with C^^^^{T) = 
{Pi, • • • , Pn} as topological graphs (resp. complete metric graphs). For any rib- 
bon tree F, there is a unique embedding : F ^ D up to isotopy so that only 
Ggxt(r) = {Pi, • • • ,Pn} is mapped to 9D with counter clockwise order. ir(F) 
separates D into k regions Di, • • • ,Dn, where contains zr(Pi-i) and ir(Pi)- 
For ly G G*(F), let I{v) = {i : iriiy) C DJ. 

A gradient tree is a map T = Tr : F ^ .if such that ~ T(Pi) is a critical 
point of and for v G G^(F) with a direction, T{v) is a gradient flow line 

determined by V/y , where (resp. D^) is in the right (resp. left) side of zr(i^). 
In particular, for Vi G Ggxt(r) pointing toward Pi, T(^'i) is a gradient flow line 
determined by ^fiA+i- With shght abuse of notation, T is also used to denote 
the image T(F) of T. T(j/) for G G"(F) (resp. ly G G^(F)) is often referred to 
as a vertex (resp. a leg) of T (resp. if dimT(!^) = 1). 

For / = (/i, • • • , /n) and X = (Xi, • • • , x^,), where x^ is a critical point of fij+i, 
we may define the moduli space Mg{J!f, f, x) that consists of pairs F G Gr^ and 
gradient tree T -.T ^ Jtf defined according to (/,x). 

Remark 2.8 [exceptional gradient tree]: There is one special type of gra- 
dient trees that we call exceptional, was not paid explicit attention in J^, that 
turns out to be the only gradient trees encountered in our application (f^) to 
the homological mirror symmetry for weighted projective spaces. 

Xj = T(Pj) is called an exceptional vertex o/T if Xi is a local minimal of fi^i-\-i, 
or /i(Xj) = 0. Then V/i_,;+i is pointing outward, and for Vi G Cl^^{T) pointing 
toward P^, T(t'i) has to he a single point Xi. Generically, Xi is a smooth point of 
T(F). (In figure 1, T2 is an exceptional gradient tree with the exceptional vertex 
X^.) In such situation, it is more appropriate to consider a smaller reduced 
graph F (through removing v and related vertices) together with injective map 
T : F — > ^ and surjective map tt : F F such that T = To7r. F = Fi/ and 
only if ^{Xi) ^ for all i, or in another word, T has no exceptional vertex. We 
will call T exceptional ifV^T. On each directed leg 0/ F, the gradient flow 
determines a natural coordinate up to shift. In another word, T determines 
a complete metric graph structure on the reduced graph F. (In such context, 
with slight abuse of notation, we will also call Pj an exceptional vertex of F and 
Vi G G^xt(F) an exceptional leg ofV.) 
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Figure 1: Examples of gradient trees 

For a gradient tree T : F ^ since tree F is contractible, there exist an 
open manifold Lx with open immersion i^^ : Lf — > ^ and a lift T : F ^ Lx 
such that T ~ o T . (Wc want to think of L~f as a tubular neighborhood of 
T(F).) fi defined on Li can also be lifted to fi defined on part of Lx that can 
be suitably extended to all of Lx so that fij = fj — /i is a Morse function on Lr 
ior i j. T : F ^ Ly is a gradient tree in the exact sense of [5] with respect to 
the functions /; on Lr- For this reason, results in ^9; concerning gradient trees 
can essentially be carried over to our case directly. In particular, according to 
theorem 1.4 in the moduli space A4g{^, is a C°° manifold of dimension 
Ind(/, x). We are now in a position to summarize all our genericity assumptions 
(that we assume through out the paper) concerning {Li, fi) in the following: 

Genericity assumptions: Ay. is an immersed Lagrangian submanifold when 
e > 0. For i j, dLij is smooth, fij is a Morse function on L^- with only 
critical points in the interior of Lij and V/ij is pointing outward (resp. inward) 
on dLij if hij > (resp. hij < 0) near dLij. None of the critical points of 
fij for all i,j coincide. Fhere is no gradient tree with Ind(/,x) < and rigid 
gradient tree (Ind(/,x) = 0) is isolated with only 3-valcnt interior vertices. 

With the immersion i^^ : Lf ^ ^ — > M, wc can also get an open manifold 
Mx from M as a tubular neighborhood of T(F) and Lx. In Afx, it is convenient 
to piece together tti : — Li to form the Lagrangian fibration (projection) 
TTx : A/x Lr- More precisely, ttx '■— ttj near T(i^) for v E C*(F) and i e /(i^). 
Proposition 12 . 21 implies that the definitions coincide in the common regions. 

To define the A°° products, it is convenient to assume / = (/o, • • • , /n). Define 
Hom(/i, fj) = C*(/i, fj;R) = SpanR(Crit (/„)). We may define the product 
m„ : Hom(/o, /i) • • • Hom(/N_i, /«) Hom(/o, /n)[2 - n] 

(2.2) mj:i„,3,([xo],---,[x,_i])= #Mg{^,f,x)[x,]. 

Xn £ Crit(/0K) 
Ind(/, X) = 

Theorem 2.9 For f = (/q, • • • , /n) satisfying genericity conditions fv. \15]) and 

e > small enough, we have ?7ip^j^ = m-Morsc under the natural identifications 
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HomFukaya(A^^ , A^^. ) = Hom 

Morse 

Proof: With considerations in remark compare H2.1|l and (|2.2|l . it is clear 
that one only need to show that Aij{M,A'^,5t) = M.g[J^ , f ,x) with signs 
preserved, when Ind(/,x) = 0. The identification of the 2 moduli spaces for e 
small is a consequence of theorems I1U.5I and 111.31 □ 

Remark 2.10 [Orientation]: Orientations of the moduli spaces are not ad- 
dressed in this paper. ( Coincidentally, orientation was also not addressed in 
l^.) Therefore the identification we proved in this theorem should be understood 
as over Z2 for the moment. The orientation of Mg{Ji', /, x) is a rather straight- 
forward generalization of the case of classical Morse theory. The orientation of 
Mj{M,A'^,X ) and the identification of the orientations will be discussed in 

m 

Remark 2.11 [Generic conditions]: Genericity perturbation arguments for 
gradient trees are much easier than genericity perturbation arguments for pseudo 
holomorphic polygons, because one is achieving genericity for finite dimension 
submanifolds (stable, unstable submanifolds, etc.) through infinite dimension 
perturbations (of fij near its critical points). Most of such difficulty was al- 
ready encountered in classical Morse theory. One important consequence of 
and subsequently this paper is that not only pseudo holomorphic polygons can be 
counted through counting gradient trees, but also the much more difficult gener- 
icity perturbation arguments for pseudo holomorphic polygons can in a way be 
reduced to much easier genericity perturbation arguments for gradient trees. One 
reflection is that instead of perturbing almost complex structure, one perturb the 
Morse functions fij. 

3 Cheeger-Gromov convergence 

Cheeger-Gromov convergence is a very convenient tool for discussing limits con- 
cerning metric spaces, Riemannian (Kahler) manifolds with possibly various 
tensor on the manifolds or submanifolds, etc. One of the great strength of 
the Cheeger-Gromov convergence is its general applicability. One start with 
Gromov-Hausdorff convergence to get the limit, which applies to general com- 
pact metric spaces. (The concept can be generalized to pointed Gromov-Hausdorff 
convergence that applies to complete metric space with marked point.) When 
the objects are manifolds, the convergence can usually be strengthened to C'- 
convergence over the smooth part of the limit in the sense of Cheeger-Gromov. 
The existence of the Gromov-Hausdorff limit is usually achieved after possibly 
passing to subsequence through certain compactness theorems (for example, 
Gromov compactness theorem) based on Ascoli type arguments. 

Remark 3.1 The Cheeger-Gromov convergence results we use in this paper are 
among the most classical types (that were developed by Cheeger, Fukaya, Gro- 
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mov, etc. in the Riemannian case) requiring the uniform bound of local geom- 
etry. Such Cheeger-Gromov convergence results enable us to consider the limit 
of a sequence of submanifolds or maps as if the domain and the target space 
are fixed, therefore reduces to the classical consideration of limit of functions. 
Such simple yet powerful application was indeed the original motivation of the 
Cheeger-Gromov convergence. 

Consider an almost Kahler structure [M, g, J,uj), where the triple {g,J,uj) of 
Riemannian metric, almost complex structure and symplectic form on M are 
mutually compatible. (M, J, w) is said to have uniformly bounded local ge- 
ometry if: 1. The full curvature of g and all its covariant multi-derivatives are 
uniformly bounded. 2. The injective radius of g is uniformly bounded from 
below. 3. J and all its covariant multi-derivatives are uniformly bounded. This 
condition is equivalent to the fact that there exists tq > so that {AI, g, J,uj) 
can be covered by coordinate charts U ^ B{ro) C (C",go) such that g and go 
are uniformly quasi-isometric on U, g and J and all their multi-derivatives with 
respect to the coordinate on U are uniformly bounded. We will call such charts 
preferred charts. It is straightforward to check that the transition functions 
among preferred charts have uniformly bounded multi-derivatives. 

A submanifold L C {M, g, J, u}) is of bounded local geometry if (M, g, J, oj) is of 
bounded local geometry and for rg > small enough L in each corresponding 
preferred chart can be expressed as a graph with uniformly bounded multi- 
derivatives. The generalization of this concept to non-Hausdorff submanifolds 
is rather straightforward. 

When M has smooth boundary dM, {M, dM, g, J, uj) is said to have uniformly 
bounded local geometry if in addition, neighborhood of dM can be covered by 
coordinate charts U —>■ -B-i-(ro) C (C",go) such that g and go are uniformly 
quasi- isometric on U, g and J and all their multi-derivatives with respect to 
the coordinate on U are uniformly bounded, where B+{ro) = B{ro) fl C" and 
C" = {z G C" : > 0}. The generalization of this concept to manifolds with 
corners (boundary with real normal crossing singularity) is rather straightfor- 
ward. 

M is called a complex if M is stratified with each strata a manifold with corners 
and a local neighborhood near singularity of M can be identified with a local 
neighborhood of a simplicial complex. A complex M is said to have uniformly 
bounded local geometry if each of its strata is a manifold with corners that is 
of uniformly bounded local geometry and the number of strata near each point 
of M is uniformly bounded. We are only going to deal with graph (proposition 
I4.5|l . which is the simplest complex. In the graph case, the condition of uni- 
formly bounded local geometry reduces to that the number of legs intersecting 
a ball of fixed radius ro > is uniformly bounded. 

In the following, we state the convergence results that we need. The case of 
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Riemannian manifold is standard that goes back to Cheeger, Fukaya, Gromov, 
etc. The case of Kahler manifold have been discussed by Tian, the author, 
etc. in various situations. (Please consult jl8) for the Riemannian convergence 
result, its precise references and some Kahler convergence results.) The proofs 
of all these cases are straightforward generalization of the Riemannian case 
without real additional technical difhculties. But the proofs get increasingly 
more tedious and notations get increasingly more complicated for the more and 
more complex cases. Such proofs are best left as exercises to the readers. 

Proposition 3.2 Let [Mk, gui Jk^^k) he a sequence of complete Kahler mani- 
folds with uniformly bounded local geometry and marked points Zk G Mk- By 
possibly taking subsequence, {Mk, Zk, gk, Jk,uJk) pointed converge in the sense of 
Cheeger- Gromov to a complete Kahler manifold {Mq, Zq, go-, Jo-,'^o) with bounded 
local geometry and the marked point Zq € Mo- □ 

Corollary 3.3 Let {AL,g,J,uj) he a complete Kahler manifold with uniformly 
bounded local geometry. For a sequence of points pk € M , by possibly taking 
subsequence, {M,pk, g, J,uj) pointed converge in the sense of Cheeger- Gromov 
to a complete Kahler manifold {Mo,po, go, Jo^^o) with bounded local geometry 



and the marked point po € Mq. □ 

Corollary 3.4 Let (M, g, J, lu) be a complete Kahler manifold. Forp = Irmpk G 
M andlunek = 0, {M,pk,g/ck, J,Lo/ek) pointed converge in the sense of Cheeger- 
Gromov to {TpM,0, gp, Jp,u}p). □ 



Proposition 3.5 In proposition let Lk he a Lagrangian submanifold in 

[Mk, gki Jki^k) with uniformly hounded local geometry. By possibly taking sub- 
sequence, Lk converge to a Lagrangian submanifold Lq in {Mo, go, Jo, ^o) with 
hounded local geometry, while {Mk, Zk, gk, Jk,^k) pointed converge in the sense 
of Cheeger- Gromov to {Mo, Zo,go,Jo, ^o)- ^ 

Corollary 3.6 In corollarv \3.Sl let L he a Lagrangian submanifold in {M, g, J,ijj) 
with uniformly hounded local geometry. For a sequence of points pk G M , 
by possibly taking subsequence, L converge to a Lagrangian submanifold Lo in 
{Mo, go, Jo, ^o) with bounded local geometry, while {M,pk,g, J,i^) pointed con- 
verge in the sense of Cheeger- Gromov to {Mo,Po, go, Jo,^o)- ^ 

Proposition 3.7 In proposition assume Mk has smooth boundary dMk 

and {Mk, dMk, gk, Jk,^k) is complete with uniformly bounded local geometry. 
By possibly taking subsequence, {Mk,dMk, Zk, gk, Jk,^k) pointed converge to 
{Mo,dMo, Zo, go, Jo,^o), which is complete with hounded local geometry. □ 

Remark 3.8 An important fact concerning pointed convergence in the sense 
of Cheeger- Gromov (stated in the context of vrovosition for simplicity) is 
that the limit Mo is determined by B^^{Mk, Zk) C Mk as long as limi?^ = +oo. 
More detail of pointed convergence is illustrated in remark \4 . 6] through a concrete 
example. 
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Global Gromov-Hausdorff limit: Pointed convergent limit {Mq, go, Zo) of 
{Mk, gk, Zk) is local in nature, and can be viewed as a local component of 
a "global limit" of {Mk,gk)- It is straightforward to show that for a differ- 
ent set of marked points z'j. € Mk satisfying Distg^ (^fc, z^) < C for certain 
C > 0, the corresponding pointed hmit {AI^, g'^, z'^) can be canonically identi- 
fied with (Mo, go, Zo) up to isometry. Accordingly, we may define the global limit 
{Mo, go) to be a collection of pointed limits {Mg,gl,zl) (as local components 
of the global limit) satisfying certain condition (e.g. with maximal dimension, 
etc.) determined by the marked point sets {zl} indexed by i e /, such that 
limDistgj. (z^, zjj = -foo for i ^ j £ I, furthermore, we assume / is maximal in 
the sense that no more pointed limit can be added to the collection with all the 
conditions satisfied. Such global limit {Mo, go) is most useful when it contains 
only finite many local components, which in particular implies that the global 
limit is essentially unique up to isometry. The finiteness of / can quite often be 
shown through certain variations of the volume method, the index method or a 
combination of the two. The volume method start with a uniform finite upper 
bound of the volume of {Mk, gk), then achieve finiteness of / by proving the ex- 
istence of a positive lower bound of the volume of the pointed limits. The index 
method start with a uniform finite upper bound of certain subadditive index of 
{Mk,gk), then achieve finiteness of / by proving the index of any pointed limit 
is a positive integer. 



4 Conformal models of a disk 

Conformal models constructed in this section are essentially the same as the 
ones used in |^ . These conformal models are formulated in a form that is more 
convenient for our discussion and the construction is more elementary in nature. 

Recall that is the closed unit disk removing n marked points {Pk}k=i cir- 
cularly located in 9ID). We are looking for graph like conformal model {Q,ge) 
of B[jj], by which we mean that there is a homeomorphism from D[,j] to Q that 
is biholomorphic in the interior of ©[nj. 

Proposition 4.1 For any D[n] G 2nj there exists a conformal model {Q = 
©[n],^©), a complete metric tree graph T € Gr^ and a decomposition 

e= U e(i^), 

where for v e C^^^^iV), (6(j^),5e) has hounded geometry (namely, diameter 
and curvature are hounded and the injective radius is hounded from below), with 
bounds only depend on N; for v £ C^(r), {Q{v),gQ) = ((0, ^v) x [0, 1], 5o), where 
go is the standard flat metric. Furthermore, there is a continuous map (j) : @ —f 
T, where (^{v) is surjectively mapped to v for v G C*(r) = CPjj(r) U C^(r) in 
the obvious way. 
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Proof: For the convenience of doubhng the disk into a Riemann surface, we 
Hke to view D as the upper half of (CP\RP^) with the marked points {pJJLi 
in dD = MP^. We will prove the proposition by induction for the conformal 
model e of CP[^,] = CP^ \ {p jf^i so that 6 is the upper half of 9. 

We will start with a multiple of the Fubini-Study metric on CP^ . Assume that 
there is already a conformal model (G', g') for CP[f,_i] with V e Gr^-i and N — 1 
ends corresponding to {Pij^JTi^ such that g' is invariant under complex conjuga- 
tion. Without loss of generality, we may assume that 71, > 3 for v € Cl^^{T'). 

(If 7i/ < 3 for I' G C'(^nt(f")' "^"^ "^^y fs-ke the union of and the 2 adjacent 

components to form a new component that effectively collapses the leg v into a 
vertex.) 

For the position of Pn in (O', g'), there is either ai/ G C^(r') such that Py, G 
and Dist(PN,ae'(z/)) > 1, or a 1/ G CPt(r') such that Dist(P:„ e'(i/)) < 1, 
in which case, by suitably expanding Q'iiy), one can ensure P^ G 6'(i^) and 
Dist(Px, 96'(i')) > 1. In sum, we have v G C*{T') such that p^ G 9'(;^) and 

Bi(p«) c e'(i^). 

Let z be an affine coordinate on CP^ that is real on RP"'^, z(Pn) = and 
{\z\ < 3} C i?i(PN). Let be the cylindrical metric on the punctured disk {0 < 
\z\ < 3} determined by the cylindrical coordinate t = 5 = (1 ^ p)g' + P9n 

gives us the desired conformal model (6,5) of CPj^j with N ends correspond- 
ing to {Pi}f^]^ that is invariant under complex conjugation, where < p < 1, 
P\\z\>2 = and p||^|<i = 1. 

When I' G C^^-^^{T'), we may get F from F' by replacing G C^^-^^{T') with u G 
Ci'^t(r) and G C^^^(r) connecting i' and Pn such that 6(i^N) = {0 < \z\ < 1} 
with the cylindrical coordinate t and O(i^) = \ G)(j^n)- 

When ly G C^{T'), it is straightforward to get the decomposition G)'(i^) = 
e(i/o)ue(i/i)ue(i^2)ue(i/N), so that = {O < \z\ < 1} with the cylindrical 

coordinate t, {1 < \z\ < 2} C 6(1^0) and 6(j^i), 6(^/2) are cylindrical under the 
metric g. We may get F from F' by replacing 1/ G C^(F') with 1^1,1^2 G C'^(F), 
vq G CPjt(F) and G C^^^{r) connecting i^q and P^. □ 

For 1/ G (F), it is convenient to identify (0, j^) x [0, 1] with a subset in C ^ 
and to think of the cylindrical coordinate as a complex coordinate : Q{i') C 
(as we already did in the proof of proposition 14. 1(1 . For ly G CPjj(F), one may 
choose to be the cylindrical coordinate corresponding to any of the leg in 
(F) that is attached to ly. Since each of t,, as defined in the proof of proposition 
14. H is the logarithm of an affine coordinate on CP^ that is real on MP^, the proof 
of proposition 14. II in fact implies the following: 
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Proposition 4.2 For any vi,V2 G C^^^iV) U C'^iV), there exists a,b,c,d S 
such that 



1 , ae-'"*"! + b 

^^■2= — log— — r-i- ° 
TT ce "1 + d 



Remark 4.3 A more geometric and canonical proof of proposition starts 
with a multiple of the hyperbolic Poincare metric on CP[pj] , then modifies the hy- 
perbolic cusps (resp. cylinders) explicitly into cylindrical ends (resp. cylinders). 
One purpose of our proof is to illustrate the elementary nature of proposition 
\4-l\ without referring to the powerful hyperbolic Poincare metric. Of course it is 
also nice to have the coordinate transformation formula in p7vposition \4. <1\ as a 
byproduct. 

In this paper, a conformal model (6,(7e) is always referred to one associated 
with a metric tree graph F, the map (f> : —f T (as defined in proposition 14. l|l 
and coordinates (as in proposition l4.2|l . 



Proposition 4.4 For a sequence of conformal model (6fc,5efc) with marked 
point t°f^ e Qk o,nd at most N ends, by possibly taking subsequence, (6/c, t^, ffet) 
is pointed convergent to (60,^0' 5©o) sense of Cheeger-Gromov, where 

(Go, 1760) is a conformal model with marked point t° G Oo and at most N ends. 
□ 

With map : 6 ^ F, it is easy to see that the Gromov-Hausdorff distance 
between the conformal model {Q, g^) and the complete metric tree graph (F, 7) 
as metric spaces is bounded with bound only depending on N. Consequently, 
the Gromov-Hausdorff distance between (O, ege) and the complete metric tree 
graph (F, 67) is 0(e) for any e > 0. 



Proposition 4.5 For limej; = and a sequence of conformal model {Qk,g&k) 
with marked point G Qk and at most n ends, by possibly taking subsequence, 
(8fc, f^, e\ge^) (resp. (F^-, r^, Cklk) ) is pointed Gromov-Hausdorff convergent to 
a complete metric tree graph (F°, r°, 7°) with marked point and at most n ends, 
where = (l){tl). □ 

Remark 4.6 [pointed convergence]: The Gromov-Hausdorff distance was 
originally defined for compact metric spaces. More rigorously, the statement: 
"(0fc, t^, e^gOfc) (resp. (Ffc, r^, efc7fc)j is pointed Gromov-Hausdorff convergent 
to (F°,r°,7°)" involve 2 limiting steps. In the first step, for R > 0, we have 
the Gromov-Hausdorff convergence for compact metric spaces: 

(F?„r°,7°) lim {Bn{ek,tl),tl elgej = ^ lim (B«(Ffc, r°), t°, 6fc7,.). 

k — >+oo k — >+oo 

In the second step, for any R2 > Ri > 0, we have the isometric embedding 
(r^^ , T° , 7^^ ) —^ (F^^ , T° , 7^^ ) . Then we have the following limit as infinite 
union: 
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(r,r°,7°)= lim (n,r°,7S)= [j i^, r\ . 

R>0 

In this paper, whenever pointed convergence is considered, such process is al- 
ways implicitly implied without explicitly mentioned each time. Similar to the 
case of smooth manifolds, the convergence can be further strengthened to - 
convergence over the smooth part ofT° in the sense of Cheeger-Gromov. 



§4.1 Holomorphic functions of one complex variable 



In this section, we will summarize some well known results for holomorphic 
functions of one complex variable. 

Proposition 4.7 Let uj : C ^ C" he a holomorphic function with \Dw\ < C, 
then w is linear. □ 

The following 2 propositions are consequences of proposition l4. 71 through exten- 
sion by reflection. 

Proposition 4.8 Let w : (C+,M) (C",M") be a holomorphic function with 
\Dw\ < C , then w is linear. □ 

Proposition 4.9 Let O = {t e C : < t'^ < 1} and w : Q ^ C" be a 

holomorphic function such that w{dO) is in shifts o/M" and \Dw\ < C, then w 
is linear. □ 

Proposition 4.10 Let Q be a conformal model of the disk with cylindrical co- 
ordinates {tiYi=i at ends {Pij^^i, andw : (0,90) — > (C",R") be a holomorphic 
function such that for certain < c < 1, \Dw{ti)\ < Ce'^'^*' near the end Pi, 
then w is a constant map. 

Proof: Since 6 has N ends, its holomorphic double CP|f,] is biholomorphic to 
CP^ removing N punctures {Pi}"^i on MP^. By reflection, w can be extended 
tow;: (CP[^],MP^„j)^(C",M"). 

ii = e^'^*' is the natural coordinate of CPj^jj near the puncture P^. iff^l = 
\irm-\ ^ ^|t.|i+c implies that \w\ < C|t,|-= (resp. \w\ < C\\og\U\\ when 
c = 0). Consequently, w is holomorphic at the puncture ti = 0. Namely w can 
be extended to w : CP^ C", which has to be a constant map. □ 



5 Estimates of pseudo holomorphic disks and 
convergence 

In this section, we discuss local interior and boundary C^'"-estimates of pseudo 
holomorphic disks with Lagrangian boundary condition. The proofs are ele- 
mentary generalizations of the standard method in one complex variable using 
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Cauchy integration formula. As application, we establish convergence results of 
pseudo holomorphic disks with Lagrangian boundary condition. 



Let D' be a smaller disk in the unit disk D C C. Let (M^" , J) be an almost 
complex manifold, with Jt„ smooth on w G M^" be the complex structure on 
TiL,M^" ^ R^" . It is straightforward to construct a family of linear identifications 
: (M^"^ j^) ^ (C", i) that is smoothly depending on w € M^". Wc start with 
the local interior C"'^'"-estimate. 

Proposition 5.1 For a pseudo holomorphic map f -.I} ^ (R^", J), 
(5.1) |^/|c"(D') < Co. supi\Dfiz)\ + \Df{z)\^). 



Proof: It is straightforward to derive: 

/(C) 



/(^) = 1^ f 

2m Jg 



dfiO 

iC-z) 



dC. 



The pseudo holomorphic condition can be expressed as Af(^Qdf{() /\ d( = 0. 
Hence 



1 



Au,f{z 
Assume w = f{z), then 



(C-z) 2m 



Dz 



{A^-Af^^))df{C) 



dC. 



A^Dfiz) = — [E,iz)-E2{z)], 
Zm 



E,iz) 



AUf{C)~f{zo)) ^ 
dC,, ^2[z) 



(A^~A^(^))d/(C) 

ic-zr 



dC. 



fan (C - zy 

For the estimate of S2(z), assume zi, zi g B' and C £ IQ'i •= {C •= I" ■ IC ~ ^i| < 
IC- Z2|}, then |z2 - zi| < 2|C- Z2|. We have 



A 



A 



fiO 



A 



f(0 



{C-Z2? 



{C-Z2? 

Here we used 
1 



{C-z,Y 

<C\Df\i 



< 



1 



1 



(C-Z2)2 {C-z,Y 



1 



ic -z,y {c-z^y 



< 



CI21-Z2I 

ic-^iric-^2i 



\Zl - Z2I 



|C-zi|i+° 

, if IC-^ll < \C'Z2\. 



The estimate can be symmetrically done for ^ e D \ Bi. Hence 



|S2(Z2)-S2(Z1)| < 



Af 



A 



/(C) 



(C-^2)2 



(C-^i)^ 



5/ 

dc 



dCdC 
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<C\z^-Z2nDf\l 
Consequently, 



<C\Df\l, for zi,Z2eID)'. 



\Z2 - zir 

For the estimate of assume zi, Z2 G D', e OD. Then 



A 



A 



< Cil + \Df\o)\zi-Z2\ 



Hence 



|Si(z2)-Si(zi)|< / 

Jdl 



A 



A 



<C\zi-Z2\{l + \Df\o)\Df\, 

Consequently, 

|Si(z2)-Si(zi)| 



1/(0 -/Ml MCI 



(5.3) 



<C(1 + |D/|d)|D/|d, forzi,Z2eD'. 



\Z2 - zir 

Estimates (|5.2|) and H5.3|) together imply that for zi , Z2 G B' 



(5.4) 



|A/(,,)i?/(z2)-A/(.0^/(^l)l 



|Z2 - Zl| 



<C\Df\o{l + \Df\o). 



Af^.,)Df{z2)-Af^,,)Df{zi) A^^^^^ DJ{z2)-Df{z,) 
\ = \ iJj{.Zi)+Af( ) ■ 

|Z2-Zi|" |Z2-Zi|" |Z2-Zi|" 

implies 

|j^/(z2)-j^/(zi)| ^^ |%.,)i^/(z2)-%.,)iJ/(zi)| 1/(^2) -/(Zl)| 

|z2-Zlh " |Z2-Z1|" ■^'^ |Z2-Z1|" 

Apply the estimate H5.4(l . we have 

|j^/(z2)-i^/(zi)| ^ c\Df\j,{l + |i?/|o), for zi, Z2 G D', 

|Z2 - Zi|" 

which implies the estimate (|5.1f) . □ 
This estimate is responsible for the following useful convergence result. 
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Proposition 5.2 For a sequence of pseudo holomorphic maps fk '■ i^kitk, ge^) - 

{Mk, Zk, gk) with uniform C^-hound sup \Dfk{t)\ < C, where (Mk^gk) is an al- 

teefc 

most Kdhler manifold, assume that 

{<do,to,geJ = lim(efc,ifc,5ej and {Mo,Zo,go) = lim(Mfc, z^, g^) 

in the sense of Cheeger-Gromov. Then there exists a pseudo holomorphic map 
fo ■ (0o,io,<?e„) ~* {Mo, Zo, go) such that fo = limfk- The convergence is in 
(ji,a < a < 1 071 any compact subset in the interior of Qo- In particular, 
if to is in the interior ofQo, then Dfo{to) = lunDf^itk)- n 

Let (rcsp. ]D)'_(_) be the half disk as mtcrsection of B (rcsp. W) and the 
upper half plane. Let 9oID)+ be the intersection of D and the real axis. Let L 
be a smooth middle dimensional totally real submanifold of C" passing through 
0. For the boundary estimate, without loss of generality, we may assume L = 
R" X {0} C M^" ^ M" X M". Then wc have 



Proposition 5.3 For a pseudo holomorphic map f : (D+, do^+) 

(5.5) |^/|c"(D' ) < Co, sup {\Df{z)\ + \Df{z)f). 



.L,J), 



Proof: Without loss of generality, we may assume ^ R" C C" for w E L. 

This condition implies that 

(5.6) A%^{w2 - wi) = 0, for wi, W2 G L. 

For z G KD+, we have 



A^fiz) 



1 
27ri 



dc 



= 



aD+ (C ~ z) 

iC-z) 2TTi 



1 

27ri 



{A^ - ^/(c))rf/(C) 
(A„-A^.(^-))d/(C) 



dC. 



Add the 2 equations, wc have 



Au,f{z) = - 

TT 



1 

2Td 



^ (C-z)^^ + 2.z 
(A^-%0)d/(C) 



iD+ (C- z) 



A./(C) 



ail 



iC-z) 



dC 



iC-z) 
Assume w = f{z), then 



(X-A^(o)#(C) 



27ri 



A.(/(C)-/(^^)) 

(C-Z)2 



dC- 



Dz 
27ri 



(C-^) 

(A^-A^(0)d/(C) 



dC. 
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where 



= :^So(z) + ^[Si(z)-S2(z)], 



JdaB+ ~ ^) 



(c-^)^ ^^L ic~^r ' 



aiD+ i,^ — 2j JaiD_ 



Since fiOJiz^) are in L, (EH) implies that A|^35^(/(C) - /(2^)) = 0. Conse- 
quently, 

(^2-^^ (..))(/( C)-/(^^)) 



Assume zi,;22 G D^, C e doB+ and |C-^i| < IC-22I, then \z2-zi\ < 2\C-Z2\- 
We have 



- ^n.?))(f(0 - /(-2^)) - (4(^0 - 4^(.f ))(/(c) - /(-f )) 



<C\DfgJC^Z2\-''\z,-Z2r. 



Hence 



\Eo{z2)-Eo{z^)\<C\DfgJzi-Z2r / \C-Z2\-''dC<C\DfgJz,-Z2r. 



doO. 



+ 



Consequently, 

(5.7) \^o{z2)-Eo{z,)\ ^ ^^^^^ ^ j^,^^ 

1^2 ^1 1 

The terms 5i(z) and 22(2;) in the expression of AwDf{z) can be estimated in 
the same way as in the proof of the estimate (|5.1|l . Consequently, 

— \ [^^^ < C L»/ d+ + -D/ D+), for ^1,^2 G B+. 

|z2-zi|" ^ + 

Following rest of the proof of the estimate (|5.1() . we get the estimate (|5.5|) . □ 
This boundary estimate extends our convergence to the boundary. 
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Proposition 5.4 In vrovosition \5.°/A assume that doQo = limdoQk o,nd Lo = 
limLfe in the context of Cheeger-Gromov limits in vrovosition \ 5.Sl where Lk 
(resp. Lo) is a Lagrangian submanifold of {AIk,i-Uk) (resp. {Mo,uJo)) and doQk 
(resp. doQo) is a boundary component of Qk (resp. Qo) such that fkidoQk) C 
Lk- Then fk converges to fo in C^'°' for < a < 1 on any compact subset 
of Qo U doQo such that fo{doQo) C Lq. In particular, if io G ©o U 9o0o, then 
Dfoito) = lira Dfkitk). □ 



6 Convergence of pseudo holomorphic polygons 
to gradient tree 

Assume lo = da on A'/, = dh and to\u^, = dai, where ai is the canonical 
1-form on the symplectic neighborhood J7l. of Li. Let 9^8 denote the boundary 
component of = D[fj] between Pi_i and p^. 

Proposition 6.1 For a pseudo holomorphic disk w : Q ^ M such that w{diO) C 
A^. , we have Jq w*uj — 0(e). 

Proof: Let = w{Pi) € A^. n A^.^^ be the Lagrangian intersection point, where 
w{diQ) and w{di+i<d) meet, = 7ri(x|) = 7ri+i(x^) is a critical point of 
in Li^i^i. Let be the path connecting x^ and x^ such that TTi{l'^) = x^. Di = 
Ute[o 1] tw{diQ) is a disk with boundary dDi = zi;((9i9)U^- U (tt^ 0^(9^6)) UZ-_^. 
Since a — 0;^ is closed 1-form and ai\i' — 0, ai\-niOw(die} = 0. We have 




N 

= e^(/,(x,)-/.(x,_i))=0(6). □ 
1=1 

Proposition 6.2 Assume that (AI, g, J,uj) is of bounded local geometry. Then 

sup — 0(e) for the pseudo holomorphic disk in vrovosition \6.1\ 

tee 

Proof: Suppose the proposition is not true. Then there exists a sequence 
€k ^ 0, Wk ■ Qk — *■ M and tk € Qk such that 

lim ^ = 0, where = \Dwk(tk)\ = sup \Dwk(t)\. 
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Assume lime'j, = 0. Since ^ is compact, without loss of generality, we may 
assume Wk{tk) x £ J^f C M. Corollary 13.41 implies that the sequence 
{M,Wk{tk), g/i^'k)'^) (pointed) converges in the sense of Cheeger-Gromov to 
(TxM,0,.gx). Under the identification TxAf = © T*^, the correspond- 

ing limit of ^ is p + for certain p G T*j2f. Since lim = 0, A^/ converge 

to p + T^Li = p + Tx^ C TxM if X g Li. Clearly, when x <^ Li, KJ^ wih dis- 
appear at the limit. Hence, the limit of {A^*"} collectively lies inp+TxJSf C T^M. 

Proposition l4.4l implies that by possibly taking subsequence, the sequence {Ok, tk, g&k) 
(pointed) converge in the sense of Cheeger-Gromov to (8o, to, ffOo), and diQo = 
Iim5i8fc. Since \Dwk\ < 1 for Wk : (6fc,tfe,geJ {M,Wk{tk), g/ie'k)'^), ac- 
cording to proposition 15.41 by passing to subsequence, Wk converge to Wq : 
(eo,to,50j ^ (TxM,0,5x) such that \Dwo\ < \Dwoito)\ = 1 and Wo(d&o) C 
P + Tx^. 

It is convenient to identify (TxM ^ (p+Tx^) xT*^, p) with (C" ^ R" x iM" , 0) . 
Then Wo can be understood as a holomorphic map (0o,(?8o,to) ^ (C",M",0). 
According to proposition 14. lOl Wo has to be a constant map, which contradict 
with the fact \Dwo{to)\ = 1- 

Assume lime'^ > 2c > 0. Proposition 13.71 implies that by possibly taking 
subsequence, the sequence (0fc, ffc, (ej,)^gefc ) (pointed) converge in the sense 
of Cheeger-Gromov to (60,^0, Se,,)- Since |I??«fc| < \D'Wk{tk)\ = 1 for Wk : 
(efc,tfc, (e'j.)2gej {M,Wk{tk), g), if Zo ^ limwk{tk) exists in M, according 
to proposition 15.41 by possibly passing to subsequence, Wk converge to Wo '■ 
{&o,to, gSo) ^ iM,Zo,g) satisfying \Dwo{to)\ = 1. In particular u)*a; > 0. 

This contradicts with / w*uj = lim / w^oj = limO(efe) = 0. 

If \ivD.Wk{tk) is not in the finite part of M , since {M, g) is of uniformly bounded 
local geometry according to our assumption, by coroUarv 13.31 {M,Wk{tk), g) 
pointed converges to {Mo,Zo,go)- Similarly apply proposition 15.41 by pass- 
ing to subsequence, Wk converge to Wo ■ (Bo,io,5eo) {Mo, Zq, go) satis- 
fying \Dwo{to)\ = 1. In particular Jq (z«o)*a' > 0. This contradicts with 



'w*uJo = lim / w^uj = limO(efc) = 0. □ 

Remark 6.3 The technical condition "{M,g, J,uj) is of uniformly bounded local 
geometry" can he omitted if one can show that \\m.Wk{tk) = Xq is in the finite 
part of M using maximal principle. 

Remark 6.4 The estimate \Dw\ = 0{e) was also carried out in for the spe- 
cial case of M = T*L, where ^ ~ L is a Hausdorff manifold. The proof can be 
separated into 4 steps: 
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Step 1: J^w*uj = 0{e). (Lemma 9.2 in l^) 

Step 2: The C^-estimate awp\Dw{t)\ = 0{\/l), consequently, the -estimate 

tee 

d{w{e),L) = O(V^). (Lemma 9.3 in \S) 

Step 3: The -estimate d{w(Q), L) ~ 0(e) via maximum principle. (Propo- 
sition 9.4 in 

Step 4: The -estimate sup \Dw{t)\ = 0(e). (Proposition 9.7 in f^) 

tee 

Ln the step 1 is not used anywhere except in the proof of the step 2. The step 

2 in its precise form is not used anywhere. Only a rather tangential consequence 

of the step 2 (namely, sup is finite) is necessary for the proof of the step 

tee 

4. Ln more general case when S£ ~ L and M 7^ T*L, if the method of is to 
be used, the precise form of the step 2 would be needed to first show the disk is 
in effect inside the symplectic neighborhood of L before the steps 3 and 4 can be 
performed. Of course such important function of the step 2 is unnecessary in 
131, where M = T*L. 

In our case, where S£ is non-Hausdorff, it is not clear wether the analogue of 
the -estimate via maximum principle in step 3, which is of global nature, 
is possible. An alternative argument without maximal principle is desirable. 
The main point of our argument here is the realization that the much weaker 
result in step 1 is essentially enough to prove the C^-estimate \Dw\ = 0{e) 
already without any additional assumptions. Therefore eliminate the need for 
using maximum principle, and apply very nicely to our case when ££ is non- 
Hausdorff. (In our proof, we also need the general property of holomorphic 

polygon that sup\Dw(t)\ is finite, which, for example, is a consequence of the 
tee 

more precise estimate of lemma 9.3 in ) 

Consider a sequence of pseudo holomorphic disks Wk ■ Qk ^ {M, J) such that 
Wk S j(M, A*^*", X*^*) with hmefc = 0. By possibly taking subsequence, we 
may assume that Fj. are topologically the same as a fixed graph T. Then for 
v G C*(r), {i : 0fc(:^) ndiQk 7^ 0} can be identified with 1(1/) defined in section 
2.3 and is independent of k. 

If limDiamgU'A:(0fc) = 0, then by possibly taking subsequence, limwki&k) is 
a single point, which implies coincidence of critical points of certain that 
would not occur in our generic situation. (Even when it occurs, it is a local 
situation that is very easy to understand.) 

Assume limDiamgWfe(0fc) 7^ 0. By possibly taking subsequence, one can find a 
reference point X° = liinwkitk) G L that is not a critical point of any fij, where 
£ 8fc(i^°) for certain 1/° € C^(r). According to proposition 14.51 by possibly 
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taking subsequence, we have the (pointed) Gromov-HausdorfF hmit 

(r°,T°,7°)= Km (efc,tfe,e^gej = lim (Ffe, r^°, efc7fe). 

A: — ^ + 00 k — >+oo 

In this context, by possibly taking subsequence, one may assume that for v G 
C*(r), the (pointed) Gromov-Hausdorff hmit T°{iy) = hm (8^(1^), i^, e^^e J 

k — >-\-oo 

exists (maybe empty) as a subset of r°. Let To be a subgraph of F contain- 
ing ly £ C*(r) such that r°(i/) is non-empty. Clearly, when r°(i/) is non- 
empty, it is a strata of r°. i!o{v) := T°{v) defines a surjective topological map 
ipo ■■ C*{To) C*{T°). For u e C*(F°), we define I{iy) to be the union of aU 
/(i>) such that i> e C*(Fo) and ijjoiv) = i^- 

Proposition l6 . 2l implies that : {Qk,tk^ ^kdOk) ^ i^^^^kitl), g) is C^-bounded 
(uniformly with respect to k). By possibly taking subsequence, we may assume 

that Wk restricted to Bj^ '°(0fc,t^) converges to a Lcfschetz continuous map 
: (F^, r°) {M,x°) that can be extended to a Lcfschetz continuous map 
T° : (F°,T°) ^ (M, x°). We wiU need the following technical lemma 

Lemma 6.5 Assume -valued (resp. ^-valued) function Uo{x) = limufc(a;) 
for X in a neighborhood of Xo G M and u' ixo) 7^ A (resp. lim inf "° ) ^ 

A). Then by possibly taking subsequence o/{iifc}, there exists Ci > and Xk 
Xo such that |w'j,(a-fc) — A\ > ci (resp. u'j,{xk) < A — ci). 

Proof: u'g{xo) ^ A (resp. liminf < A) implies that there exists 

ci > and Xk ^ Xo such that I _ A| > 2ci (resp. < 

A — 2ci). For any fc, there exists Uk such that ~ ^| > ci (resp. 

^"k(^^^^^'^"k(^°) < ^ ^j^^^ Consequently, there exists Xk between Xo and Xk 
such that |u^^(xfe) — A| > ci (resp. M^^(a;fe) < A — ci). □ 

Remark 6.6 /n applications of lemma \6.5[ Uk are usually C°° -functions. For 
suitable choice of Ax^, we usually prove that the assertion "for suitable subse- 
quence of {uk}, there exists ci > and Xk Xo such that \u'j,{xk) — Ax^ \ > ci " 
leads to contradiction. By lemma UT^ this contradiction imply u'o{xo) = Ax^. 
It is straightforward to see that this contradiction also implies that converges 
to u'^ uniformly. Consequently Uo is a -function. 

For V £ C^(F°), there is a unique £> e C'^(r) such that ij^oiv) ~ v. Since 
|/(£>)| = 2 for f> g C^r), we may assume l{v) = l{v) = {i, j}. Then T°(i/) is a 
Lcfschetz curve in L,,-. 



Proposition 6.7 For To £v £ C^(F°) with l(y) = l(y) = 
liminf > |V/y(Xo)|, where x„ = T°(t„). 



dT 



(ro) 
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Proof: Without loss of generality, we may assume that V/ij(Xo) ^ 0. Take ik € 
9fc(£') such that Tq = limik under the limit (r°,r°,7°) = lim(6fe, t^, e^get)- 
Then Xq — T°{to) — limu'fc(ifc). The definition of T° implies that 



Lemma 1^751 can be applied to these M-valued functions of x if the estimate of the 
proposition is not true. Then by possibly taking subsequence, there exists Ci > 
and Xk ^ that give rise to tk = ik + — & 0fc(t') such that Xo = lim w^itk) 

and for k large, 

(6.1) ^ (^^{tk),Vf,,{Xo)^ < |V/,,(Xo)|2 -ci|V/,,(x„)|. 

Proposition l4.4l imDlies that by possibly taking subsequence, the sequence {Qk, ^fc, 5et) 
(pointed) converge in the sense of Cheeger-Gromov to (Oo, to, <7eo)- Since Tq € 
there exists C2 > such that [tq — C2,To + C2] C v. For k large enough, 
-fr-^fe +fr]x [0'l]cefc(i>). Hence (Go, to) - (M x [0, 1], 0). 

CoroUarv 13.41 implies that the sequence {AI,ijUk{tk),g/<^1) (pointed) converge 
in the sense of Cheeger-Gromov to {Tx^ M , , g^^) . Under the identification 
Tx^M = Tx^S£ ® T*^^, by possibly taking subsequence, the corresponding 
limit of A^^ (resp. is pi + Tx^^ (resp. pj + Tx^^) for certain p, e T*^^ 
(resp. Pj £ T* Jff). fProposition 16.21 is implicitly used here to guarantee the 
finiteness oipi,pj.) Furthermore, Pi,Pj G T* ^ satisfy 

Pj - Pi ^ af^j(Xo) + hm . 

A;— * + oo 6fc 

PropositionlOimplies that \Dwk\ < Ciorwk : {Qk^tk^ge^) {M,Wk{tk),g/el). 
According to proposition 15.41 by possibly passing to subsequence, Wk converge 
to Wo ■ {Qo,to,gea) ^ {Tx„M,0, gx^) such that \Dwo\ < C and WoidiQo) C 
Pi + Tx„.^ (resp. Wo{dj<do) C Pj + Tx^^)- Under suitable local coordinates, 
the limiting process can be expressed as 

Wo{t) = lim —{wk{tk +t) - Wkitk))- 

k^ + 00 Ek 

Hence (|6.1f) implies that 

(6.2) ^^(io), V/,,(Xo)^ < |V/,,(Xo)P ~ ci|V/.,(Xo)|. 

Wo can be understood as a holomorphic map with bounded derivative from the 
strip {t € C : < t® < 1} to C", with the 2 boundaries of the strip mapped to 
shifts of M" C C". According to proposition Wo must be linear, hence 

dWo,, . . , , ,. ^h,j{wk{tk)) 
—rrito) =Vo = V/y(Xo) + hm . 

at A;— ^+00 e^. 
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Since {S/hij{wk{tk)),y fij{wk{tk))} > 0, we have 

'^"'°(io),V/,,(Xo)\ >|V/.,(Xo)p, 



dt 

which is a contradiction to (|6.2() . □ 

Without loss of generahty, we may assume hij > 0. Let -Bij,c = {hij = c} for 
c > and Bij^ ~ hm Bij^c ~ dLij. Then V/h is pointing outward on -By.o and 

i'^fijy'^hij) > outside of Ly . 



Proposition 6.8 For any t~,t+ £ £ C^(r°) wit/i = = 
T°([T^,r+]) \T°({T^,r^}) is m f/ie interior ofLij. 

Proof: Assume x^ = T°(ro) e T°([r-,r+]) \ T°{{t-,t+}) for some e 
(r~,T+). One can find S 6fe(t') such that Xo = hmwfc(tfc) and ''"^^^^ ^ ^ 
for G [0,7£>], where Uk{t^) = Wkit^ + itt)- (Recah that efe(i>) ^ {i S C : 
e [0,7j.] X [0, 1]}, and {t e Qkiv) : = 0} is discrete in efc(i>).) 

Assume that Xq is also in Bij.o = By suitably modifying G [0:7j>]j one 

can ensure that Xq = \miwk{tk) and = lim?;^ is tangent to Bij^, where Vk is 
the unit tangent of Wfc([0,7p]) at Wk{tk) = Uk{tf). 



If not so, then there exist ci,C2 > such that the connected component of 
[0,7.] n %T^(i?x„(ci)) containing tf is [t,T,4], and |^%#^| > C2\^^\ for 
i*^ G [^fc j^fc]; where /i is a defining function of L,y = {/i < 0} such that h 
grow linearly along the normal direction of Bij^Q. Since "^^jii 7^ for G 

[0, jc], without loss of generality, we may assume '^^^^fi* > for G [0, jj}]. 
Consequently 

- y« ^^SR > C2DlSt(wfc(<fc),Ufc(4)) = C2C1. 

Since \imh{wk{tk)) = 0, lim h{uk{t~^)) has to be positive, which contradicts with 
the fact T°([r~,T+]) C T°(i^) C Lij. Hence Vo is tangent to Bij^. 

Notice that Vo = Vo/\vo\ for Vo from the proof of proposition lfi.?! Since 'Vhij(zk) 
is normal to Bij^c for c = hij(zk), ^ fij is not tangent to i?y,o and is in the 
increasing direction of /i^ , Uo is not tangent to -Bij,o, which is a contradiction. 
Therefore, T°([t-, r+]) \ T°{{t-,t+}) is in the interior of L,j. □ 
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Proposition 6.9 T°(i/) is a gradient flow line for fij on v E C^{r°) with 
= {i,j}. Furthermore, Wk : {Qk,tl, elge^) ^ iM,Wkitl),g) converge to 
T° : (r°,T°) (A/, x°) uniformly in over any compact subset in the smooth 
part ofV° in the sense of Cheeger-Gromov. 

Proof: Take tk G 6fe(£') such that Tq = \imtk under the hmit (r°,r°,7°) = 
hm(6fc, i^., e^gefc)- ThenXo = T°(to) = limwkiik)- The definition of T° iniphes 
that 



T°(to + x) = Um Wk [tk-\ 

fc^ + oo V Ek 

Lemma l6 . 51 can be appUed to these functions of x if the proposition is not true. 
Then by possibly taking subsequence, there exists Ci > and — > that give 
rise to tk = ik + — & 6fc(i^) such that Xq = lim Wk{tk) and for k large, 



(6.3) 



1 dwk 



(tfc)-V/„(Xo) 



> Ci. 



Ek dt 

ProDOsitions lS. 7l and l() . 8l together imply that x^ is in the interior of Lij . Through 
the same arguments as in the proof of proposition 16.71 using Cheeger-Gromov 
convergence, we arrive at Wo : {Qo,to, ge„) {Tx^M,0, gx^) such that jDwol < 
C and Wo{diQo) C Pi + Tx„if (resp. Wo{djQo) C Pj + T^^^), where pj - pi = 
dfij{Xo). Under suitable local coordinates, the limiting process can be expressed 
as 



Woit) 

Hence (|6.3f) implies that 
(6.4) 



lim — {wk {tk + t) - Wk{tk))- 

k^ + co Ek 



V/ij(Xo) 



> Ci. 



Wo can be understood as a holomorphic map with bounded derivative from the 
strip e C : < < 1} to C", with the 2 boundaries of the strip mapped to 
shifts of R" C C". According to proposition 'W'o must be linear, hence 



dwo 

~dr 



^f.A^o), 



which is a contradiction to (|6.4|l that implies the first part of the proposition. 
According to remark f6. 61 such contradiction also implies the second part of the 
proposition. □ 

Remark 6.10 Proposition |6'. 7| is a weaker version of vrovosition JU~^ and the 
proofs of the 2 propositions are similar. But proposition |6'. 7| is necessary in 
combination with vrovosition to show that T°{v) is in the interior of Lij 
that is needed for the proof of vrovosition JKVl The proof of vrovosition JKM can 
be simplified if proposition |6'.7| is used. We provide a proof of proposition \6.8l 
without using proposition\0. ?| to show their independence. 
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Corollary 6.11 r° is a complete metric graph. T°[v) contains no critical point 
of fij fori,j £ I(y), V g C*(r°). For an exterior leg v e C^xtj T°(r) approaches 
a critical point of fij when t Cz v approaches an exterior end of v. 

Proof: This is a simple corollary of proposition 16.91 and the fact that a non- 
critical point take infinite time to reach a critical point along gradient flow. Since 
T° G r° is not a critical point for any fij , any point in r° has finite r-distance 
from r°, T°{v) contains no critical point of fij for i,j € /(j^), v S C*(r°). 

Since Tk is complete, exterior ends of have distance R from r°. Hence r° 
is complete. A gradient flow line always have to end somewhere, the only way 
for it to end in infinite time is to end at a critical point. Hence the last claim 
of the corollary. □ 

If To = r and \iTiiWk{tk) = Xi for any tu G Ofc(^'i) satisfying \\mT>\st^2^g^^ (tk^tl) = 
+00, where i/i G Cg^^.{T) leads to P;, then the gradient tree T° : r° ^ M is 
called the global limit of the pseudo holomorphic polygons {wk}- Otherwise, 
T° is called a local limit of {wk}- 

When T° is not the global limit of {wk}, by possibly taking subsequence, one 
can find X* = lim w^, (t^ ) G ^ that is not a critical point of any , where G 
8/c(i^*) for certain ly* G C^{T), such that limDistg2g^ i^k'^k) ~ +00. One may 
similarly get T* , the subgraph C F and the limit gradient tree X* : F* ^ M 
as another local limit of {wfe}. It is easy to see that C^^^{T^,) n Cl^^^{To) ~ 0. 

Such process can be continued inductively to get a sequence of gradient trees 
: F* -> M for j = 0, 1, • • • as local limits of {wk}, with T° = T°. If this 
process terminate at i = K, then the collection T = {T*^, • • • , T"^} of gradient 
trees is called the global limit of {wk}- 

The finiteness of K can be proved by either area method or index method as we 
explained in the discussion of the global Gromov-Hausdorff limit at the end of 
section 3. For the area method, we need 

Proposition 6.12 There exists cq > such that for any pointed limit Wk '■ 
{ek,tl49e,) ^ iM,Wk{tl),g) to T° : (F°,r°,7°) (M,x°,g), we have 
J j2g^ "^k^ ^ CfcCo for R > and k large enough. 

Proof: If the proposition is not true, then there exists a sequence of pseudo 
holomorphic Wfc : 6fe — > (A/, J) with marked points G Ofc such that x° = 
limwfe(t^) is not a critical point for any fij, and lim — J ,2,^^ '^k'^ — 

for any i? > 0. Let T° : (F°,r°,7°) {M,x°,g) be the limiting gradient tree. 
Since V/„(x°) 7^ 0, one may find i? > and ci > such that |V/jj(T°(t))| > 
2ci for r G B^°(F°,t°). By proposition for small, -^{Owkit)] > ci for 

teBf ''^''{ek,tk). Hence 
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fife 7B^''''°'=(0,,tfc) JBj°(r=,r=) 

which is a contradiction. □ 

For a Umiting gradient tree T', assume v G C\^^{Y{) with I(y) ~ then 
T'(i/) is a gradient Hne of /y. We cah the corresponding external vertex of T', 
(which is a critical point of /y,) the beginning vertex xj or the ending vertex 
x" according to the direction of v determined by V/^ . Wc may choose the 
cylindrical complex coordinate t on 0fe(j^) so that the increasing direction of 
is in accordance with this direction of v. 

Proposition 6.13 For a limiting gradient tree T' with v € C\y^^{^i), i/xj (res]). 
x"j is not one of Xi, then there exists another limiting gradient tree T' with 
V € C\^:J^v) such that xj = x" (res-p. x" = xj,j. 

Proof: Let t\ e Qk(y) be the marked point to get the limit T'. For a small 
ci > and a large i? > 0, there exists t\ G Qk{v) such that limeA:(i^ — i^)^ = 
+00 and Distg(u;fc(t), xj) < Distg(wfe(ifc ), xj) = ci for t e Qk(y) satisfying 
+ 7^ < < (ifc )'^- Take t\ as the marked point, since ci > is small, we 
get the limit T'' satisfying v e C\^^{J^v) and xj = xj'. □ 

Proposition 6.14 T/ie global limit T = {T*', • • • , T'^} of {wk} exists with finite 
K, such that the components connect through there external vertices to form a 
tree. Furthermore, K = i/Ind(/,x) = 0. 

Proof: The finiteness of K can be proved via either the area method or the 
index method. For the area method, one start with the total area bound from 
proposition It). II then proposition 16 . 1 2l implies that K is finite. 

For the index method, notice that C°t(rO n CPj(rJ ) = for i 7^ j. There are 
only finitely many T' such that CP t(r') ^ 0. When CPt(rO = 0, there exists 
v G C'^(r) with = {i,j} such that Ti = v and T' is a gradient line of /y. 
T' has exactly 2 vertices: the beginning vertex xj and the ending vertex x", 
both of which are critical points of so that A*(xJ') + 1 < /i(xj). Proposition 
16.131 then implies that such T' form a finite connected chain. Consequently, K 
is finite. 

With K being finite, proposition l6.13l implies that the components of T connect 
through there external vertices to form a tree. Furthermore, it is straightforward 
to check that 

K 

Ind(/,x)+K = ^Ind(T'). 

(=0 
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According to our generic assumption, gradient tree T with negative virtual mod- 
uli dimension Ind(T) does not exist. Consequently, K = if Ind(/, x) = 0. □ 

Theorem 6.15 For a sequence wt e A1 A*^*" , x*^*") with Ind(/,x) = and 
Ivcaeji ~ 0. By possibly taking subsequence, Wk '■ i^k, ^^gs^) ~^ (-^'^jS) globally 
converge to a rigid gradient tree T : (r,7) {^,g\_^). □ 

Remark 6.16 Theorem \6.15\ reduces all our discussion to within Afx as a 
neighborhood of a rigid gradient tree T C £t C Mx ■ ( See page \15\ for no- 
tations.) With the Lagrangian fibration ttx ; ^/t ^ Lf, Mf is a Darboux- 
Weinstein neighborhood of Lf with Lagrangian fibres being orthogonal to Lx ■ 
This exactly is the situation of J^. In principle, we may now apply results in 
13' to prove theorem \2.iA The discussion in the rest of this paper will be carried 
out for the Hausdorff Lagrangian submanifold L = Lx d in M = M-f- 

7 The approximate solution 

§7.1 The local model of the approximate solution: Let Q = ED^]. By 
Riemann mapping theorem, there are unique maps Zi : O ^ C for i = 1,2,3 
such that 

zfid^Q) = zfid^Q) - 0, zfidsQ) = TT, Zl({Pl, P2, P3}) = {0, +CX3, -CX)}. 

z'iid2e) = z'iidsQ) = 0, ziid,e)^7r, z2({Pi,P2,P3}) = {-«3,o,+cx)}. 

z'iidie) = ziidsQ) ^ 0, zf(a2e) = 7r, Z3({Pi,P2,P3}) = {+c^,-oo,0}. 
Zi, Z2, 23 satisfy the relations: 

g^i _ \ _ 2 — 1 

Z3 - -log(l-e"i), zi - -log(l-e"^), Z2 = - log(l - e"^). 
Consequently, zi + Z2 + z^ — ni. 

Let q + ip^ {q,p) be the coordinate of C" = M" + iW. 
(7.1) u = ''P' + ''P' + ''P' : 9 ^ C" 

TT 

satisfies u{diQ) c Ai — {p — pi}. 

Using t = as cylindrical coordinate on Qi, we have 

log(l — e"^*) 
u(t) = ip, + t{p,+i - Pi) H - Pi) 

TT 

On e^, let u^{t) = u\{t) + u\{t), where 
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log(l - e-'^*) 



TT 



7y(t3^) = for > 2e-" and r7(t^) = 1 for < e"", < a < 1. ui{t) is the 
unique hofomorphic linear strip between and A^+i passing through ipi. 

Proposition 7.1 Up to addition of a real constant, there exists a unique holo- 
morphic map u:Q ^ C" with hounded derivative that satisfies u{diQ) C A^. 

Proof: The existence is imphed by the expUcit formula H7.1|l . For the unique- 
ness, assume ui,M2 both satisfy the proposition. Then we have 5u = ui — 112 : 
8 C" with bounded derivative satisfying Su{dQ) C M" . According to propo- 
sition^^] 5u is a real constant map. □ 

§7.2 The non-exceptional case: The approximate solution can be con- 
structed from a gradient tree T : F ^ A/ in 2 stages: first for the smooth 
part of T including the ends, second for the 3-valent vertices of T. This con- 
struction is essentially the same as the one in with certain differences in 
detail. (Special construction is needed near an exceptional vertex of T.) 

For any X £ L, it is convenient to choose complex coordinate z = z'^ + iz^ in a 
neighborhood Ux of X in M such that z(x) = 0, L = {z^ = 0}, w = dz^ A dz^, 
z^ = Tr{z) is constant on fibres of the transverse Lagrangian fibration tt near L 
and the almost complex structure | J — Jo| = 0(|2:|), where Jq is the complex 
structure determined by z. Under such coordinate, can be regarded as coor- 
dinate of L and z — > z'^dz^ induce the identification of with a neighborhood 
of Ox in T*L. Under such coordinate. Ay. can be locally described as the graph 
of = e^^(z^) that corresponds to the 1-form edfi{z^) on L. 



Fori/ e C^r) such that /(i^) = {i, j}andt e define = (z*^(t), 



w" : ^ M satisfies w^id^Qiu)) C K)^ and w^idjQiv)) C A}^. Through 

1-form on L, [t) can also be expressed as e(l — t^)dfi{z'^{t)) + €t^dfj{z^{t)). 

Proposition 7.2 Fort e 6(;/), we have 



where 




TTow'^it) = T{et^), z 



\dw''\cHB,it))<Ce'\yf,,{7Tow''{t))\. 



Proof: Through straightforward computation, we have 



(7.2) 
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dz 



dz'^ 



{z'^{t))VUz'^{t)). 



Here V (resp. Vq) respects metric 5 (rcsp. 50)- Since I5— 50I < C\J—Jq\ 
derivatives of fi are bounded, we have 



0(6), 



dz^ 



<Ce'\Vf.,{z^m, 



dz 



<Ce'\Wf,,{z^m- 



fdz^ 


dz^\ 


fdz'^ 


dz^\ 











These estimates together with the first formula in H7.2|l imply the C° part of 
the proposition through the following formula 

dz 

According to the observation that ^ (t) is linear on and is otherwise a func- 
tion of through z^{t), the part of the proposition (or for even higher 
derivatives) is an easy consequence of the second formula of 1)7.2(1 . □ 

The second stage of the construction concerns 1/ G CP-,^(r). For x = x^. we may 
further assume that dfij{z^) is constant under coordinate 2; in a small neigh- 
borhood of x^ for i, j S /(i^). 

Assume that each interior vertex of F is 3-valent. For u £ CP,^(r), without loss 
of generality, we may assume I{v) = {1, 2, 3}. Then there are 3 legs Vi G C^(r) 
for I = 1, 2, 3 connecting to v such that I{vi) = {i, « + 1}. let F^ be the subgraph 
of r consists of v and Vi G C^(F) for i = 1, 2, 3. T(F^) is a "Y" shaped gradient 
tree. Let To : F^ ^ C" be the standard gradient tree in our local model 
H7.1|l with (0,pi) = dfi{x,y). Choose a constant c > and take neighborhood 
C/f = C/f (To(F,)) C C" (resp. Uf = C/f (To(F,)) C R") of To(F,) with 
fibration ttq : Uf such that contains our local model holomorphic 

disk solution. For the convenience of discussion in the following proposition, 
define Te(r) = T(er) for r G F^ (not to be confused with Tq). 



Proposition 7.3 There exist an open embedding (pc : M (resp. (/)r : 

^ L) such that (j)c preserves Lagrangian fibres ( namely, it o (t>c = (f^'S.o t^o) 
and is ajfine on fibres. Furthermore, 

■■ (C/f, Jo,5o)- (A/, J,5A') 

is pseudo holomorphic up to 0{e) -perturbation and is quasi-isometric, = 
(jjR o To and 0c (Ai n C/f ) C A)^ . 

Proof: With slight abuse of notation, let /4, • • • , /n+i be functions on a small 
neighborhood of x^ so that d/i, • • • ,dfn+i forms a non-degenerate simplex in 
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each fibre of T*L (trivialized via coordinate z^) that differ by shift in different 
fibres. The local coordinate establishes an (isometric) identification 

(C" = K" + iW\ ip,, Jo, go) = {T^^M = T^^L ® T^L, edf,{x,), J, g/e^). 

For X £ L, we have the affine identification ■ ^ T*L identifying pi 
and edfi{x). In particular, for any t € T^,, we have the affine identification 

The tangent map To(pXe(T) ■ I^" — ^^-^L is a linear identification. Using the 
metric g, we get the linear identification [<piJ]r : — Ttj^-^L. In such way, 
we define the identification : T^TM" T*TL. It is straightforward to 
check that ip'^ extends the identification Tip"^ : TTo{T^) TTe(r^), where 
if"^ = Te o T^"'^ : To{T^) — > Tf^{T^). Since dfij are constants, the bundle map 
(p^ is constant under the trivialization of TL according to z. Namely, Dip'^ ~ 0, 
where D is the derivative according to coordinate z. 

It is straightforward to construct a quasi- isometric C^'^-difFeomorphism (/)r : 
(IR",(7o) (L,.g/e^) satisfying |£)^0R|g/£2 = 0(e) that induces (f^ on the germ 
near To{Tu), namely, T^rIxq = <Pr- Then we may define : C" ^ T*L as 
tp{zo) = (p^^^^^-^{zo)- The desired 0c can then be defined by restricting ip to 
C/f C C" together with the identification T*L^ M near Ld M. 

By the construction of (pc and 0r, we clearly have Te = 0r o To and 4>c{^i H 
J/f) C A^^. To prove that (?!)c : (fjf, Jo,5o) — > iM,J,g/e'^) is pseudo holomor- 
phic up to 0(e)-perturbation and is quasi-isometric, we first extend ips. = T(j)R 
to (pc '■ (TC"|r.i, Jo) (TA/|i, J) uniquely as a pseudo holomorphic bundle 
map. (Here we are using the fact that the Lagrangian fibres arc orthogonal to 
L, hence J on TM|i, = TL © T*L coincides with the identification of TL and 
T*L under the metric g\L-) Since dfij are constants, we have Ti.fi ~ Tifi for all 
i. From the expression of 0c, for zo € C", z = 0c(2^o) smd zq G Tz„C", 

Tzo<Pc{zo) = •pc\:,'^{zo) +ienfi\zn o(pTii\^n{z^). 

Under metric g/e^, <^r — T^r being quasi-isometric implies that ipc is quasi- 
isometric. Hence T(j)c is quasi-isometric and as an 0(e)-perturbation of (pc is 
pseudo holomorphic up to 0(e)-perturbation. (Here we also used the fact that 
J(z) — J{z'^) = 0{e) under coordinate z for z = (j)c{zo) with bounded Zq .) □ 

Since 0c is affine on transverse Lagrangian fibres according to proposition 17.31 

we have w'^^ = 4>C° u\. Consequently, w = 0c ° ""e defined near X;^ naturally 

coincides with w^^ (t) on 8(1/^) for > 2e~". In such way, we can piece together 

the local conformal models (O(t'i) etc.) to form the global conformal model Q 

(depending on the gradient tree T and e) and extend w to be defined on 8. It is 

straightforward to sec from the explicit form of O = 8c that lim(8e, e~^gQ^) = 

c— >o 

(r,7) in the sense of Cheeger-Gromov. In particular, the length of 8e(i') is of 
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order 0{e-^) for v e Cl^tO^). 



Proposition 7.4 For v e CPjj(r) and t G 9(j^, we have \dw\ci{Bi{t)) ^ 

Proof: Using the notation z ~ w{t) ~ ^c(zo), zq = u^{t), we have 

dw d(j>c du^ d(j>c due 
di dzo dt dzo dt 

Proposition 17.31 imphcs that 

<CUc)*J-M\DM<Ce\ 
The expUcit expression of implies that 

< Ce'^e-^ < Ge. 

These estimates imply the C° part of the proposition. It is easy to see that 
additional derivative will not change the order of each of the estimates, conse- 
quently, the part of the proposition. □ 

Propositions 17.21 and 17 .41 together imply the following. 

Proposition 7.5 Assume that the gradient tree T is non- exceptional. For 
t <E Q, we have \dw\c^(^Bi(t)) < Ct^. For v e C'^(r) such that l(y) = 
and t e 6(1^), more "precisely, we have 

\dw\c\B,{t))<C^\^!^,{'Kow{t))\. □ 

§7.3 The exceptional case: Assume that T : F ^ L is an exceptional gradi- 
ent tree with exceptional vertex = T(Pi). Let x| be the corresponding La- 
grangian intersection point. It is more convenient to use the conformal model 
O associated with the reduced tree P. Let Vi e C'^(r) be the leg such that 
Xj G ^{pi). Under tt : P ^ P, T^~^(yi) can be separated into Vi, vj^ g C"'^(P) 
with I{vJ) = {i, j} and ~ {i + 1, j}- It is straightforward to see that 

T : I'i ^ L is a C^'-'^-map, where T = T o tt. 

In the construction of the conformal models O and 0, it is convenient to con- 
struct 8 from 0. For any i>(^ Vi) G C*(r), there exists a unique v £ C*(P) 
such that = 7r(i'). We identify O(z^) ^ 8(z^). On the other hand, is a 

strip bounded by 9^9(1),) U U ^^+le{^>^) = {P^ = 0} and djQ{i>,) = {P = 1}, 
where t is the cylindrical coordinate of 9(£'i) satisfying t{Pi) = 0. It is nat- 
ural to decompose Q{C'i) = 0('^-) U so that diQ{vi) — diQ{v^) and 



\DM^O{e), 



dzo 



|Au.HO(l), ^ 
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9i+i9(!>i) = di+iQ{i'+). We may then take to be a circular neighborhood 

of Pi in 8(i>i) with the cylindrical coordinate t satisfying t = e~'^*. In such way, 
we get the natural conformal map w : Q ^ Q explicitly. 



e 



^^+le 



T 
I 
I 

_l_ 



^^e 



e 




Figure 2: Conformal models in the exceptional case 

Since /i(Xi) ~ 0, Xi is a non-degenerate local minimal of fi.i+i, TLg\^fi^i-\.i 
can be made proportional to g\L at by modifying J near x^. Recall that 
w"- : e(i/_) ^ M and w''+ : 6(1/+) ^ M satisfy w"- C A)., 
w;''+(ai+ie(i/+)) c A}.^^ and w"- {djQ{v.)) U w''+ {djQ{v+)) c A}.. 

Proposition 7.6 IfTCgij^fi^i+i = Cig\L atXi, ihenw'^- {Q{v^)) and'w'^+ {Q{vj^)) 
pieced together form a C^'^-surface. 

Proof: It is obvious that w"- {Q{i^-)) and (8(i^+)) pieced together form 
a C°'^-surface. In fact, the intersection of the two pieces is the line in T*.L 
connecting x| = edfi{Xi) = ec?/i+i(Xj) and x- = edfj{Xi). More precisely, the 
line xfx^ C T*,L is along the direction 



On the other hand. 



dt^ 



ed/y(x,) = ed/,+ij(x,) 



= e^{l~t^)ng\J^.^+lVf^, 



dt'^ 



c,e^{l^t'^)df,,{x,). 



Consequently, the tangent spaces of w'^- {Q{v^)) and (8(1^+)) coincide at 
their intersection, which implies the proposition. □ 

Assume <i (resp. t2) to be coordinate on 8(i^_) (resp. 8(i^+)) with < (resp. 
t§ > 0. We may now define a different conformal model 8(Mi) = 8(i^_) U 8(;^+) 
with the smooth structure determined by the coordinate transformation 



to 



tf, t^^tr^cMl-t^)t^ 



Under the afhne structure defined by t2, boundaries of Q{i>i) are straight lines 
and the pullback of metric gx' /e^ defined on To8(i>i) can be extended to a flat 
metric gQ^^c ) ©('^i)- Choose a complex coordinate t on Q{vi) compatible 
with the flat metric and coincide with t2 when = and > 0. i determines 
an embedding Q{vi) C (see figure 2). 
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Proposition 7.7 w''^ andw^+ can he pieced together to form a C^'^ -map w'^^ : 
^gi^-.j) {AI, J) that is pseudo holomorphic up to 0{e) -perturbation in 

Proof: It is straightforward to check that w'^^ is a C-'^'^-map using proposition 
17.61 and computations in its proof. Since w'^- and are pseudo holomorphic 
up to 0(e)-perturbation in C^'^, and the transitions among ti, t2 and t are 
pseudo holomorphic (identity maps) up to 0(e)-perturbation in C^'^, we have 
that w"' is pseudo holomorphic up to 0(e)-perturbation in C^'^. □ 

Choose Uq (resp. C/i, resp. U2) to be a small neighborhood of -Bi(O) (resp. 

e(i/_) \ Bi (0), resp. Q{v+) \ Si (0)) in Q{vi) (see figure 2). Define V'o : C^o ^ 

Q(£'i) as t = ipo{t) = t'\ The natural inclusion Q{vi) Q{vi) C restricts to 
ipi : Ui ^ €- (resp. ^2 ■ U2 ^ C). Let {pi} be a partition of unity of {Ui}. 

Proposition 7.8 -0 ~ Poipo + PiV'i + P2V'2 is o, pseudo holomorphic map from 
(8(i>i), ^Qj.. to (B(i>i), (7qj..-)) up to 0{t) -perturbation in C^'^. 

Proof: The proposition is a simple consequence of the facts that each -0^ is 
pseudo holomorphic on Ui up to 0(e)-perturbation in C^'^ , and dil^i = id up to 
0(e)-pcrturbation in C^'^ on the overlaps of different UiS. □ 

and coincide with w'^' o -i/; near both ends of Q{vi). Piece all these 
local constructions together, we get w : Q ^ M. Propositions 17.51 17.71 and 171^ 
implies the following: 

Proposition 7.9 When the gradient tree T is exceptional, other than the esti- 
mates in proposition \7~^ for w away from the exceptional vertices, we have that 
for Ui G C'^(r) and t e Qiui) under cylindrical coordinate of Q 

\dw\ci{t) <Ce'^\Di;{t)\. □ 

8 Estimates of the linearization of d 

Let D' be a smaller disk in a disk D, / : D ^ C" be a smooth map. The 
following estimate is standard. (For example, see theorem 4.15 in jllj.) 

(8.1) |/|ci.°(D') < C'|9/|c°(D) + C'\f\co{da)- 

For our application of estimating the linearization of d, we will need to general- 
ize this estimate to the case of almost complex structure and the corresponding 
free boundary problem with Lagrangian boundary condition. 

Let (S,j) be a Riemann surface and Map(E,M) be the set of smooth map 
w-.^^M. The tangent space T^Map{T,, M) of Map(E, M) at w e Map(5], M) 
can be identified with ri°(S, w*TM). The tangent map Tw can be think of as 
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an element of fi"'^ (E, w*TM) . In such way, Tw and Fw = Jo Tw — Tw o j define 
sections of the infinite dimensional vector bundle £ over Map(E,M) with fibre 
17^ (S, w*TM) over w G Map(E, M). w is pseudo holomorphic if Fw = 0. 

Since our discussion will only concern a subset of Map(E, M) containing maps 
from E to a small neighborhood {/^(s) of w(E) in M, where w is the approxi- 
mate solution and E is a disk, without loss of generality, we may assume that 
{Tm,J) is trivialized as a C" bundle over U^^^^-^, then the vector bundle £ is 
trivialized with fibre ri^(E,C"). The section Fw can be understood as a map 
F : Map(E,M) rji(E,C"). Similarly r„Map(E,M) ^ 17°(E,C"). The 
tangent map T^F : f^°(E,C") -> l]i(E,C") can be computed as 

(8.2) T^Fw = 2idw + B.^{Tw, w), where w G 17"(E, C") 

and : {T*E ig)R C") x C" T^'E (g)c C" is an M-bilinear map smoothly 

depending on w. (Here we are using the convention T*E Or C = T^E © T^'E.) 

In our situation, since w(E) is near L, The trivialization of (TM, J) can be 
constructed from a trivialization oiT*L through the fact that T^M = T*^^^L© 
JT*^^^L for z within the symplectic neighborhood of i. More precisely, we nave 
{TM,TL,J) ^ (C",M",i). To make the trivialization of (Ta/, J) isometric at 
L, one only need to ensure that the trivialization of T*L is isometric. 

To compute (I8.2II . let {ai} be the trivialization of T*L, then {a^, Jai} trivialize 
T*M. w (resp. Fw) as element in fi°(E,C") (resp. f7i(E,C")) has the i-th 
component 

[w]i = (w, Qfi — iJat), [Fw]i ~ [i — ])(w* Jui + iw*ai). 

\T.uiFw\i = {i- j)d[w]i + (« - j)iu,d{ai - iJai) = 2i(9[w]j + [B^(Tw,w)]i. 

For a disk D in the interior of E and a smaller disk D' C D, we have the following 
interior estimate. (Here the restriction of w and w to D is still denoted by w 
and w for simplicity of notation.) 

Proposition 8.1 Assume that w G C^'"(©), then for w G w*TM), 

(8.3) |w|ci.°(D') < C'ilfi'lci(D) + C'2|T,„Fu;|c-(D)- 
Proof: (|8.2|) implies that 

|9w|c°(D) < C'i|w|ci(D) + C2|rF(w)|c°(D)- 

This together with estimate (|8.1|) imply the desired estimate. □ 

Consider the boundary version w : (E, 9E,j) (M, A, J) with half disks 
(D+,aoB+) C (©+,aoID)+) C (E,aE), where A is a Lagrangian submanifold 
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in (M,w). Let n°{E,E) = {w £ n°{i:,E) : w\as £ n°{di:,EA)}, where 
E = {E,Ea), E = {w*TM,J) and Ea = w*TA is a real subbundle of E\o^. 
n°{]D)+,E) is the restriction of fi°(S, E) to P+. 



Proposition 8.2 Assume that w G C^'"(D+), then for w e n"(D+,E), 
(8.4) |i?^«|c=(D;) < Cil 

Proof: We first assume that E = C" and Ea ^ R" under the triviahzation. 
Then according to the proof of H8.3|) . one only need to prove the following 
boundary version of ||S3J for / : (P+,(9oin)+) ^ (C",R"), 

(8-5) |/|ci.°(d;) < C\df\c«(o+) + C\f\co(dia+), 

which is a consequence of (|8.1|) if the extension / of / to D through reflection 
/(z) = 7(1) for z e 1D)_ is in (7^(0) (consequently, in C^^°'{]D))). Recall that 
aoB+ = {z e P : = 0}. Since /"^(z^) = 0, / S Ci(D) if and only if 



9z^ \ 9z 

In general, using a smooth bump function p{s) > supported in [—1, 1] satisfy- 
ing J^p{s)ds = 1, we may define 

/(z) = z» / p(s)|/J(zSR _ zSs)ds for z e P+. 
It is straightforward to check that 

fi^"") = 0, ^(z^) = |5(^^), and |/|ci,»(D,) < C|9/b»(D+). 

Consequently, / — / can be extended through refiection to a function in (D) . 
Then (|8.1|) implies that 

1/ - /Ici.°(d;) < C'|5(/ - /)|c°(D+) + C*'!/ - /lc''(aiD+), 
which implies the estimate (I8.5f) . 

In general, T^Fw e f2^(S, C" ) depends on the triviahzation. Assume that 
[T^^Fw], [T^Fw]' G n^(E, C") are determined by 2 different trivializations with 
transition matrix function G. Then H8.2|l implies that 

[T^Fw]' = [T^Fw]+ B'jTw,w), where B'jTw,w) = 2i{w*G-^)d{w*G). 
Consequently, the estimate (|8.4|) for different trivializations are equivalent. □ 
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9 Basic setting for the existence 



Start with a generic gradient tree T : T ^ L with the conformal model Q, we 
may define a weight function (3 = (3^ : Q ^ R'^ . For i/i S C^^t.{T) connecting to a 
non-exceptional (resp. exceptional) vertex P^, let t be the cylindrical coordinate 
on 8(t'i) such that t^(Pi) = +oo, /?£ can be defined as Pe{t) = ee"''^* (resp. 
/3e{t) ~ ee^'^^"''^'^* ) near for a fixed small constant 6 > 0, and /?£ = e on 
the rest of O away from all the vertices. /3e is defined so that the approximate 
solution w constructed in section 7 satisfies < CP^it) for t G Q and e 

small. Then propositions 17 . 5l and 17 .91 implv that 

(9.1) \dw\c^{t) < Cel3e{t), for t e 6. 

Recall that the conformal model 9 = 8e satisfies \im{Q^,e~^ge,) = i^^l) in 

£—♦0 

the sense of Cheeger-Gromov. In particular, the length of Sc(i^) is ~ for 
v G Ci^,jt(r). Let C = Grf, denote the moduli space of complete metric tree 
(r,7) that is parameterized by 7^ for 1/ S ^"^^^^(r) with dimaC = n — 3. C 
can also be viewed as parameterizing the moduli space of the corresponding 
conformal models Q = for each e > small. Infinitesimal deformation j 
of (0,j) S C can be characterized by deformation if of coordinate on Q{v) 
for v G Cl^^{T) so that is constant function near either end of and 

the difference of the 2 constants is ji,. More precisely, J ^ pointwise. For 
example, one may define if = {ji,/€)r]{et^/j^) on 6(z/), for a smooth increas- 
ing function 77 on [0,1] that equals to (resp. 1) near (resp. 1). Elements 
in TjC can be equivalently represented by J, if and 7 with equivalent norms 

at* 

llJlIc := iJlco(e) ~ latilco(e) ^ l7l- (J is used here to avoid confusion with j.) 

Let Bi = Bl{Q) = Si(M, A'^, x', /3e) be the Banach manifold of maps w : 
e M such that widiO) C A'j, and |£'M;|c°(e) < 00, and B2 = ^1(0) = 
(17i(S,C"),||-||6, = |-|c=(e)), where 

in I in I , rn 1 in 1 I-Dw|co(Bi (t)) 
l-Cw|c°(e) = l-Dw'lc«(e) + [-DwJc°(e), |£'w|co(e) = sup , 

[^w'lc^Ce) =sup — , [Dw]c^(^B^) = sup — . 

(Here we suppress reference to e in /3, w and for brevity.) 

Define F : 6i(= C x Bi) ^ B2 such that [F(.?,w)]j = (i - .7)w*(i + J)a,;. Then 
F^^{Q) = Mj{M,A'^,x). For w G Si, T^ySi can be understood as the space 
of sections of E that vanish at ends of O with the norm = {Dwlc^^e) 

for w e T,„6i, where E = {E, E.,), E {w*TM, J) and i;, = w*TA'^-^ is a real 
subbundle of £'|a,e- For {w,j) G T(^.^^j)Bi, define ||(u;, J)||f5i = ||w||bi + \\j\\c- 
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From the expression (|8.2|) , it is straightforward to derive the following: 
Proposition 9.1 There exists C > (independent of e) such that 

\\T(^,,)F{wr])\\B,<c\\{wr])\\B^- □ 

Let Bq be the completion of T^jSi under the weaker norm HwHeo = \Dw\ca^i^Qy 

Define j)||Bo = ||w||Bt, + ||j||c- The following estimate is a direct consequence 
of the interior estimate (|8.3|l and the boundary estimate H8.4|) . 



Proposition 9.2 There exists Ci,C2 > (independent of e) such that 

\\w\\b^ < Ci\\w\\b„ + C2\\T^Fw\\b,. □ 
Remark 9.3 Since C is finite dimensional, vrovosition \9.^ easilu implies 

(9.2) \\{w,mB, < Ci\\{w,j)\\B„+C2\\T^^^,)F{w,j)\\B,- 

For our choice of /3, the C°(0)-norm and estimate (|9.1|) can be rewritten as 

(9.3) \Dw\co,e) - sup ||^(*)||& = Oie). 

tee Pit) 

Theorem 9.4 (Inverse function theorem) Assume thatBi, B2 are Banach 
spaces, F : Bi ^ B2 is a map such that §f-(0) : Bi ^ B2 is invertible. 
||[^(0)]~^|| < C. Assume further that we can find tq > r > such that 
for h e UBiiro), 



OF OF 



l|f(o)ll=. < ^. 



Then there exists a unique Hq G Ui3-^{r) such that F^Hq) = 0. □ 

To relate the deformation of pseudo holomorphic polygons to deformation of 
gradient trees in our situation, it is necessary to compute T^Fw more precisely. 
Using the identification [TM, J) = tt*TL C, one can define a connection 2? 
on TM based on the Levi-Civita connection on {TL, gji). Let 2i9x> = ~ 
we have 

Proposition 9.5 Assume that J on M ^ T*L coincides with the canonical 
almost complex structure Jean determined by the metric on L. Then 

(9.4) T,,Fw = 2idT>w + 0{\w\\Tw\\w\) + 0{\Fw\\w\). 

Proof: {a*} induce the fibre affine coordinate (trivialization) y : M{= T*L) — *■ 
K". We have the coordinate {x,y) on M, where a; is the composition of a 
coordinate on L and tt : M — s- L. Under the Levi-Civita connection on L, 
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I>a* = —LOja^ and da' = — A a-' . It is easy to check that the horizontal vector 
field on M{= T*L) over gfr on i is 

d / _d_\ _d_ 

* dx' ^'^ \ ' dx"^ I dyj 

{vi, ^} forms the dual basis of {a^, Jai\. Using the formula 
da(u, v) = u{a, v) — v{a, u) — {a, [u, v\), 



we have 

<iJa'(^^,^^ =0, djal(vj,vt) = 0{\y\). 

Consequently, dJa* = — tj* A Ja^ + 0(|?/|). 

= (i - j)(dH, - (a.;:,u;) (^ - j)(a, - iJa,) + 0(|z«| |ru;| 

= 2i\d-vw\^ + 0(|iy||Tu;||w|) + 0{\Fw\\w\). □ 



Proposition 9.6 Assume J = Jean on L C M . Then 

i9.5)Tu,Fw = 2idvw + 0{{\w\ + e)\Tw\\w\) + Oi\Fw\\w\) + 0{\Tw\\Dw\). 

Proof: (|9.4|) was proved through (|8.2|) by showing the estimate 

(9.6) [BUTw,w)], = (i - j)u;)[w], + Oi\w\\Tw\\w\) + Oi\Fw\\w\) 

for J = Jean- To prove (|9.5|l . we only need to show similar estimate as (|9.6|1 for 
the new J. The only terms in (|9.6() that are affected by the change of J are [wjj, 
Fw and the term iyjd{Jai) in [Byj{Tw, w)]i = {i—j)iwd{ai — iJai). Our assump- 
tion imphes that J — Jean = C){y). Consequently, the changes caused by [wjj and 
Fw can be absorbed by the term 0(|w| jTwl The change to the remaining 
term i^d{Jai) can be controlled by 0(|?i;| jTwl |w|) + 0([w]^|rw|). Since w is 
tangent to A)^ at dS, we have [w]^|ae = 0{t\w\), [w]" = 0{e\w\) + 0{\Dw\). 
We have proved 1)9. 6|) for the new J with the additional term 0([iy]^|Tzi;|) = 
0(e|w||Tw|) + 0(|_Dw| |Tzi;|). With such estimate, the proposition is a conse- 
quence of ((Hill). □ 
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Remark 9.7 For dx> to coincide with the usual d, the trivialization ofT*L has 
to be parallel, which can always be done at one point in L, and is usually not 
possible globally. 

Corollary 9.8 When deformation j in Tfi is considered, we have 

(9.7)r(„j)F(u),J) = 2idvw + 0{{\w\+e)\Tw\\w\ + \Fw\\w\ + \Tw\\Dw\), 
where w — w — if . 

Proof: H9.7() is different from 1)9. 5|l in the support of J, which is in the union of 
for 1/ £ Cgxt(r). LocaUy on such by change of coordinates according 

to if, the deformation of {w,j) according to {w,j) has the same effect on F as 
the deformation of w according to w. Namely, T^tu.j)F{'w, j) = T^,Fw. In such 
way, H9.7|) is a consequence of (|9.5|l . □ 

Remark 9.9 There is one important subtle point: For the estimate \9.1{ , it is 
necessary to require w to be at least -bounded on the support of j. jg. 7| ) will 
only be applied when w is the approximate solution, which clearly satisfies this 
condition. 



§9.1 Limiting estimates 

For efc —^ 0, let Wk G Bl''{Qk) with uniform bound and jk be the complex 
structure on Qk- In this section, for the purpose of applying (|9.5(l . we need 
to assume the condition Fwk = o(efe), which is clearly satisfied for Wk pseudo 
holomorphic {Fwk = 0) or for the approximate solution lik constructed from a 
generic gradient tree T {Fwk ~ 0(e^)). 

Proposition 9.10 Assume that \\{wk,jk)\\Ba = 1 a'ndliTa\\T(^^^j^)F{wk, jk)\\B2 = 
0, then for ci > there exists C2 > such that ■p^^\wkit)\ > C2 for k large and 

t e Qk satisfying ■g^|Dwfe(t)| > a and jk{t) = 0. 

Proof: If the proposition is not true, then there exists tk G Qk such that 
Jk{tk) = 0, Ym\-u^^\Dwk{tk)\ = Co > ci and Vim j^\wk{tk)\ = 0. 

Assume Wk{tk) Xo (z L. We use a trivialization of TM near Xq induced from 
a trivialization of T*L that is parallel at Xq G £ with respect to the metric on L, 
so that TzM is identified with T^^M for z near Xq. Then Wk can be understood 
as a map Qk Tx^M. Assume that (Oo,0,geo) = lim(9fc, t^, get) in the sense 
of Cheeger-Gromov. We take the following limit 

Wo{t) = lim Qk{wk{t)), where Qk{z) = ^ \ . [i - 'n*Wk{tk)\ for i e T^^M. 

k~, + oo Pk{tk) 

Since jk{tk) = 0, m^^,,^)F{wk,jk)]{tk) = [T^,Fwk]{tk). By remark 
19.71 and our choice of trivialization of TM, we have dQk{wk{t)) ~ 0{ek + 
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Dist{wk{t),Xo)) near tk- Consequently, the limit Wo ■ Qo ^ {TxaM, J) = C" is 
holomorphic. 



For i and G diOk such that \ik — tk\ is uniformly bounded and to = limffe G 



d^Qo, T.^,rt,)K' C T^,a,)M is defined by i» = efc7^/,(u;fe(tfe))z'^. Hence 



Wkiik) = ^kHfi{wk{ik))T^*Wk{ik) + n^Wk{ik), 
Qk{wk{ik)) = o^/t ■, 'Hfi{wk{ik))-^*Wk{ik) + r) ]. . '^*[wk{ik) - Wfc(ifc)]- 

Since lim = and p^\wk{ik) ~ Wk{tk)\ < C|t^_4^| jq^.,, 

we have 

Woiio) = lim Qkiwkiik)) ^ hm ^ 1 . T^*{^kiik) - Wfc(^fc)] € ^x^-^- 

Consequently, under the identification {Tx^M, Tx^L, J) = (C", R", i), Wo ■ Qo ^ 
C" can be viewed as a holomorphic map such that \Dwo\ < Po and Wo{dQo) C 
R", where /3o = lim/3fe//3fe(tfe). /3o is unbounded on 60 only when tk cor- 
responds to an exceptional vertex, then (3o{t) = g-i'^-b)^t for the cylindrical 
coordinate t on 80. By proposition 14 . 1 1)[ Wo has to be a constant map. Conse- 
quently Dwo ~ 0. 

On the other hand, lim „ h \ Dwk{tk) — Dwo{Q) Consequently, 



1 



\Dwo{0)\ = lim 

A:— '■+OC 



-Dwk{tk) 



Co > 0, 



PkitkY 

which is a contradiction to Dwo — Q. □ 

Corollary 9.11 Assume that |1(wa;, Jfe)||Bo = 1 '"^'^ 1™ l|T(it,fcjfc)-F(t«fe, Jfc)||B2 = 
0, then for any tk G 6fc such that ■p^j^\D'Wk{tk)\ > ci for certain ci > 0, 
\m\Wk{tk) can not he an exceptional vertex y^i. 

Proof: If the corollary is not true, then Yanwkitk) = is an exceptional 
vertex. Hence jk{tk) = and ekik — > 0, where ik = e^'^^'' is the coordinate of 
tk & ©fe(^'i) under the cylindrical coordinate of Qk{vi) that vanishes at Pi, and 
Vi G C^{p) is the leg that contains Pi. Proposition 19 .101 then implies that there 
exists C2 > such that 'p^^t^\wk{tk)\ > C2 for large k. On the other hand, 

\wk{tk)\ = ' \Dwk{t)\dt < ' (3k{t)dt < Cmax(/3fe(tfc),efc|4|) 
implies that lim ^^(1^^ \wk{tk)\ ~ 0, which is a contradiction. □ 
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Let T(t) be a gradient line of /y. The infinitesimal deformation T of gradient 
lines of /y at v satisfies the equation 

If the coordinate r is allowed to deviate from the canonical parametrization of 
gradient line with the infinitesimal deformation f, then the equation is 



(9.8) = [W/,,(T)t](r), where t(T) = 



ir) 



Recall that each non-degenerate directed leg of F under a gradient tree T : F — *■ 
L possess a canonical coordinate up to a constant, and when T is generic, only 
possible degenerate legs are those external legs mapped to exceptional vertices. 
The infinitesimal deformation of a generic gradient tree T can be described by 
a pair (T,f) satisfying (|9.8(l on each leg i/ of F with /(i^) = {hj}, where T 
is a piecewise smooth continuous section of T*TL and f is a smooth function 
up to constant on each internal leg of F, and f = on other legs of F. A 
different description of the same infinitesimal deformation of T is completely 
determined by a different f with the same variation 'j^ on each v e C'l^nt- 
this reason, to avoid ambiguity, one may standardize t{t) = j^r]{T/j^) on 
v G C^^nf The description of infinitesimal deformation of a non-generic gradient 
tree (not needed in this paper) is more complicated because the topology of F 
may change under deformation. 

Remark 9.12 An infinitesimal deformation of a generic gradient tree T is triv- 
ial if T = for the unique standardized representation (T,t). Consequently, 
f = and 7 = 0. Therefore, if one can show that T ^ or t ^ for a stan- 
dardized representation (T,f), then the corresponding infinitesimal deformation 
of the generic gradient tree T is non-trivial. 

Let Wk = Wk be the approximate solution for a generic gradient tree T. For the 
purpose of applying (|9.7|l . in addition to the condition Fwk = o(efc), we need 
to assume D'^wt = o{ek), which is clearly satisfied for the approximate solution 
Wk- Assume that \\{wk,jk)\\B„ = 1 and lim ||T(^^ j^)i^(?i;fc, Jfc)||e2 = 0. We may 
define 

(9.9) T(t) = lim Wk(T/ek), t{t) ='j^r]{T/j^), = lim ekj^- 

k — > + oo k — * + oo 

Proposition 9.13 (T,t) represents an infinitesimal deformation of the generic 
gradient tree T. The convergence in ^9.9\) is uniformly on any compact subset 
in the smooth part o/F. 

Proof: ||wfc||Bo < 1 implies that T is a continuous section of T*TL. For the 
first part of the proposition, it only remains to be shown that (|9.8|l is satisfied 
on each leg of F with = {i,j}- 



50 



Assume tk To under (Ofc,efc,geJ ^ (r,7). Then 



Ik 



T{to + x) = lim Wk [tk -\ , where Wk = Wk — t 

According to lemma 1^31 if H9.8|l is not true at r = Tq, then by possibly passing 
to subsequence and adjusting tk, there exists ci > such that for k large, 



(9.10) 



-Dwk{tk)-[nh,{T)T]{To) 



> Cl. 



We use a trivialization of TAl near Xo induced from a trivialization of T*L that 
is parallel at Xo G i with respect to the metric on L, so that TzM is identified 
with Tx^M for z near Xq. Then Wk can be understood as a map Qk T^^M . 
We take the following limit 

Wo{t) = lim Qk{wk{tf + 1)), where Qk{z) = — [i - Wk{tf)] for i e Tx„M. 

k^ + oo f:k 



For tfc such that \tk — tk\ is uniformly bounded, lim Qk{T^(^^^(^t^-^-^L) = T^^L, 
lim(5fc(T„^(j3?)A^J) = Pi + Tx^i and limQkiT^^(^if+i)^}'°) = Pj +Tx,L, where 
Pi = [Hfi{T)t]{To) and = [7Y/j(T)T](to). By our assumption of Fwk = 
o{ek) and D'^Wk = o(efc), we have \wk\ = 0(1), ji^Wfel = o(l), iTwfcl = O(efc) 
and \wk\ = O(efc). By H9.7() . remark ItTTI and our choice of trivialization of TM, 
dQk{wk{tf + 1)) = o(l) uniformly for bounded t. 

Consequently, using the identification {Tx^M,Tx^L, J) = (C^jR^jZ), the limit 
•Wo '■ Oo ^ C" is holomorphic with bounded derivative, where 8o is a strip 
with 2 boundary components di<do and c?j0o such that Wo{di<do) C + R" and 
Wo{djQo) C By proposition 14.91 Wo has to be linear. Consequently 



On the other hand, -^Dwk{tk) ^ Dwo{Q) Consequently, 

= 0, 



■ 1 



lim 

k — >-\-oc 



Dwkitk) - [nnj{T)T]iTo) 



which is a contradiction to (|9.10() . According to remark when Tq varies in 
r, the contradiction also imply that Wkir/ek) C-'^-converge to T(t) uniformly 
on any compact subset in the smooth part of T. This imply the second part of 
the proposition. □ 



10 Invertibility of the linearized operator 

§10.1 Injectivity: Since 8 is non-compact, Bi Bq is not a compact embed- 
ding. But we still have 
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Proposition 10.1 IfT is a rigid gradient tree, then there exists C > (inde- 
pendent of e) such that 

\\{w.mB^<C\\T^^u,J)F{w,j)\\B,■ 

Proof: If the assertion of the proposition is not true, then by proposition 19.21 
there exist — > and the corresponding approximate sohitions Wk '■ Ofc — > M 
and {wk,jk) e such that \\{wk,jk)\\Bo 1 and \\Tt^wk^j^)F{wk, jk)\\B2 ^ 

0. One can find tk G 6fe, such that x = lirawkitk) exists and 

(10.1) l>^-^Pi^ + Mt.)\>l-ek. 

Pk(tk) 

According to the first part of proposition !?. 131 the hmit of (wk,jk) will produce 
a deformation (T,t) of the gradient tree T. Since T is rigid, this is a contra- 
diction if (T, f) is non-trivial. 

If X 7^ X.; for any i, then proposition 19.101 implies that (T,t) is non-trivial if 
jk{tk) = for fc large. If jk{tk) 7^ for k large, then (3k{tk) = £k for k large and 
(T, f) is non-trivial by H1U.1|I and the second part of proposition 19. 131 

Corollary 19.111 implies that the only remaining case is when x = x^ is a non- 
exceptional vertex. Then we have the pointed Gromov-Hausdorff limit 

(r°,T°,7°)= hm (efc,tfe,e2geJ^(R,o,5K). 

k — *-t-oc 

With Sk = Distfc(Xi, Wfc(tfe)), we have the pointed Gromov-Hausdorff limit 
(rx,M,0,v<„5) = lim iM,x„Wkitk),g/Sl), 

k — > + oo 

where |Vo| = 1. Uk = /5(F7f|^-j^^fe can be considered as a map Uk ■ {Qk,tk-, ^kOSk 
^ {M,wk{tk),g/Sl). Then 

Pk[tk)\\wk\\Bo Pk(tk) 

Let u° : (r°,r°,7°) -> {T^^M,Vo,g) (resp. /3°(t)) be the limit of Ufe (resp. 
—Pk{tk +T/ek)) as k^ +00. Then u° : (M,0,5r) {T^.A4,Yo,g) satisfies 



du°{T) 



dr 

Proposition 19 . 131 implies that u° satisfies 

du°{T) 



-f^^""' and iDu^m^l. 



dr 



It is elementary to observe that no solution of this ordinary differential equation 
satisfy the condition H10.2|l . □ 
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§10.2 Surjectivity: With proposition 110.11 the surjectivity of the linearized 
operator T(u, can be viewed as a consequence of the assertion that the op- 
erator T(^„ has index 0. Since the index of Ti^^ ,j^F is the virtual dimension 

of the moduli space Mj{M,A^,5t) of the pseudo holomorphic polygon w, any 
definition of Fukaya category should have verified this assertion for the norm 
of its choice. Then following certain standard procedure in functional analysis, 
one should be able to show that the operator T^^^ ^^F also has index under 
our norm. In the following, we will prove that Tf^^ j-^F is surjective based on the 
surjectivity proved in By taking the weight function (3 to be the constant 
e, we may define the corresponding space Cg'"(6). The corresponding Sobolev 
space Wl'P{Q) is used in [H]. Assume a < We start with the following 

generalization of (|8.1(l and (|8.5(l . 

Proposition 10.2 For w e n°{D,C"), 

(10.3) |w^lci-°(n') < C'i|u;|vi/i.p(D) + C2|l9u;|c°(n)• 
^br boundary version, assume w E fl^{D-f-,C") and w\ggD^ £ M", 

(10.4) \D'w\cc(D'_^) < Ci\w\wi:P{D+) + C2\dw\c''{D+)- 

Proof: These estimates are standard. We will show that (|l().3|l and (|10.4(l are 
direct consequence of (|8.1|) and H8.5|l without any need of i^-estimate for d. 

First assume that w is compactly supported in D. Let ws = w * ps- Then 

dws — (dw) * ps- 

Assume \ws\c'^(j)) = Cs oo. Let us — ws/Cs, then |ti5|c'i(£)) ~ 1 and 
\dus\c-'{D) < \dw\c''{D)ICs 0. By ||HIU, < C. By passing to 

subsequence, us has a limit uo that is holomorphic, compactly supported in D 
and |wo|ci(r') = which is a contradiction. Consequently, IwalcHi*) — ^- 
H8.1|l . |w5|ci.°(_D) < C. Let (5 ^ 0, we have |w|ci.°(n) < C'|^w|c°(d), which 
imphes (fTID^ . 

In general, let p be a bump function supported inside D and p\di = 1. Then 
we have 

|u'|ci.°(n') < Cldpwlc'iD) < CilwlciD) + C2\dw\cc{D)- 

Since a < by Sobolev inequality, we have < C|w|vi/i,p(d)- Con- 

sequently, we have (|10.3|) . 

p0.4|l is a direct consequence of (|10.3|) if dw is in C"{D) when / is extended 
by reflection from D+ to D. In general, one need to use / defined in the proof 
of H8.5() and follow the arguments in the proof of (|8.5|) . □ 
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Corollary 10.3 w e W^'P{Q) and TFw e Cf (6) imply that w e Ci'"(e). 

Proof: This is a consequence of formula H8.2|l and estimates (|10.3|l and (|10.4() . 

□ 

Proposition 10.4 For e small, T^^^^-^F : C^'" — > is surjective if T(^^j-jF : 
W^'P LP is surjective. 

Proof: For any y S Cp, assume that there exists w G W^'P such that y = 
T(„, jjFu;. (See sections 6 and 7 in [S].) Since w g W}'^, corollary 110.31 implies 
that w € C}-°'{Q). We need to show that w g Cg(e) for e smaU. 

If not so, then there exists —^ and tk G Qk such that Wk{tk) x.^ and 



Dwk{t)\ ^ \Dwk{tk)\ ^ 



Pkit) - Pk{tk) 
\Dwk{t)\<{l + €k)\Dwk{tk)\ for t^>t^ 

When Xi is a non-exceptional vertex, by the same argument as in the last part of 
the proof of proposition [Trm we have u° : (R, 0,(7r) — > {TxiM,Vo, g) satisfying 
the linear ordinary differential equation 



du°{T) 

dT 



H/,..+i(x,)u°(r), 



and the bounds 

du°(T 



(10.5) 



dT 



< e-"^ for r < and \Du°{t)\ < \Du°{0)\ = 1 for r > 0. 



It is elementary to observe that no solution of this ordinary differential equation 
satisfies the bounds (|10.5|) . 



We omit the case of exceptional vertex because the corresponding result was 
not proved in [H]. □ 

This more involved proposition is necessary only because the weight function (3 
in this paper is incompatible with the weight function in [S| . We are now in the 
position to prove the existence of the pscudo holomorphic polygons. 

Theorem 10.5 For a rigid gradient tree T and e small, let w : (6, J) — > M 
( depending on t) be the approximate solution constructed in section 7, then 
there exists a unique pseudo holomorphic polygon w : (0,j) {M,J) in a 
small 11 • Wb-^ -neighborhood of [w,]). 

Proof: By or (|n2J, we have \\F{w,])\\b^ = 0(e). By ijHS, it is easy to 
check that ||T(^i,j)F — r(u,.j)F|| < C|| (w, J) — (w, . Bv propositions 11101 and 
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[Tini fmore generally [HI), we have ||(T(^5_j)F)-i|| < C. Then by the inverse 
function theorem 19.41 there exists a unique w : (6,j) — > {M,J) in a small 
II • 1 1 -neighborhood of such that F{w,j) — Q. □ 

Remark 10.6 Our treatment of surjectivity here is clearly not very satisfying 
in term of our C^ " -method, because the result from sections 6 and 7 in ^ used 
a lot of quite non-trivial arguments and results with Sobolev norms. Besides, we 
also need to handle the case of exceptional gradient tree that was not discussed 
in 0^. In a forthcoming paper we will provide a completely different geo- 

metric proof of the surjectivity using the C^'"^ -method we developed in this paper. 

The main difficulty of our index theorem lie in the fact that O is complete instead 
of compact. If Q is a compact disk with smooth boundary, the corresponding 
index theorem is quite standard. Let A = IJ A^. . The basic idea in \2Vl is to 

construct a family of smooth Lagrangian submanifolds Ag as smoothing of the 
singular Lagrangian A through so-called Lagrangian surgery so that Ag — > A 
when e —> 0. When e is small, we can establish 1-1 correspondence between 
pseudo holomorphic disks with boundary in Ag and pseudo holomorphic polygon 
with boundary in A. Furthermore, the index is preserved under the limiting 
process. In this way, we can prove that the index of T(^^j-)F is zero, since the 
corresponding index for holomorphic disk is zero by standard results. Clearly, 
this idea has other more general implications that fit into a more general theory 
that we will discuss in 121^ . We should note that Lagrangian surgery originated 
from 115}/ was discussed extensively in the last chapter of ^lUjl for apparently 
somewhat different purpose. 



11 Uniqueness 

Notice that theorem 110.51 contains a uniqueness statement. Therefore to show 
the uniqueness of the pseudo holomorphic polygon near a rigid gradient tree T, 
it is only necessary to show that the pseudo holomorphic polygon (w, j) is in a 
small II • 1 1 -neighborhood of the approximate solution [w,]) constructed from 
T. 

Proposition 11.1 Assume that w^. is pseudo holomorphic, then ||13wfe|le2 = 
0(1). 

Proof: It is straightforward to see that the estimate away from vertices is a 
consequence of proposition 16.21 and estimates 1)5. 1)5.5)1 . Hence if the propo- 
sition is not true, then by possibly taking subsequence, there exist a vertex 
and tk G Ofe(j^i) such that Xi = limwkitk) and 

\Dwkit)\ \Dwk{tk)\ sR 

\Dwk{t)\ < (1 + ek)\Dwkitk)\ for t'<^ > tf. 
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Let ej,. := \Dwk{tk)\- Through the same arguments as in the proof of proposition 
EiZI applying to the sequence of maps Wk : i&k,tk,gek) ^ ^Wk{tk), 9 / {f-'kY), 
using Checger-Gromov convergence, we arrive at Wo ■ (Oo, to, gOa) ~^ {TxiM, 0, gxj 
such that Wo is holomorphic, Wo{diQo) C pi + T^-L (resp. Wo{djQo) C pj+T-^.L) 
and |Dwo(i)| < \Dwo{to)\ = 1 when is a non-exceptional vertex, or when 
is an exceptional vertex 

\Dwo{to)\ = 1, \Dwo{t)\ < e^i-'')"^*"''-*'') for < tf, \Dwoit)\ < 1 for > tf. 
Let pij :~ pj — Pi and ik = ^'k/^k- It is straightforward to see that 

\pij\ < \Dwo{to)\ = 1, and pij = lim -^d/y (wfc(tfc)). 

k^+oQ ek 

Let Wo = Wo[t^) + t'oPij ^ t^JPij- Wo = Wo — Wo Satisfies Wo{dQo) C Tx^L and 
\Dwo{t)\ < C when Xi is a non-exceptional vertex, or when Xi is an exceptional 
vertex 

\Dwoit)\ < Ce(i"^)^(*° for < ii?, |i?u;o(t)| < C for > tf. 
According to proposition 14 . 1 Ol Wo is a constant map. Consequently 

\p,j \ = iDuiol = \Dwo{to)\ = 1, Distg(x,,u'fe(tfe)) \df,j{wk{tk)) \ ^ h- 

Let /^(x) = jijioihx), uj'' = ^uj, g'' = jrg. {M,Xi,Wk{tk),g^ , ff,) converge to 
(M° = TxiM, 0, V, g°, /,° ), where /°- is the quadratic approximation of at X.j. 

When Xi is an exceptional vertex, for any R > 0, 

\Dwk{t)\g. = lk\Dwk{t)\g < CRCk for > - R. 

With this estimate, by similar arguments as in section 6, Wk ■ {Qk, tk, ^k9Qk) ~^ 
[M,Wk{tk),g'') converge to a gradient line w° : (r°,To,7°) ^ iTx.M,Y,g°) of 
the function /j° flowing toward G Tx-M. Since is a local minimal of /,° , this 
is a contradiction. 



When Xi is a non-exceptional vertex, for any R > 0, 



\Dwk{t)y = ik\Dwk{t)\g < CREk for t'^>tf~~ R/ck. 

With this estimate, by similar arguments as in section 6, Wk ■ (6fc, tk, f^gSk) ~^ 
{M,Wk{tk),g'') converge to a gradient line w° : (r°,0,7°) {Tx,M,v,g°) of 
the function /? flowing toward 0. Satisfying the estimate 



1, 



dw° 



< e 



-br 



for r < 0, 



< 1 for r > 0. 



Since f°j is the quadratic approximation of at x^ , and x^ is a non-degenerate 
critical point of /y, there exists c > such that \df°j{x)\ = \{'Hfij\xi)x\ > c\x\ 
for X £ Tx^M . Then no such gradient line exists for b < c. □ 
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Proposition 11.2 Assume that Wk is pseudo holomorphic, then\im\wk\Bi = 0, 
where Wk ~ Wk — Wk ■ 

Proof: If the proposition is not true, then there exist ci > and tk G Qk such 
that 

\Dwk\c-{Bi{tk)) > ci/3k{tk)- 

We first need to show that hm ^^^^^ \ wk{tk)\ = 0. This is obvious if f3k{tk) Cfc 
for k large. Otherwise, tk & 0fc(t'i) and \iniWk{tk) = Xi for some i. If is 
exceptional, then as in the proof of the corollary 19. Ill we have that 

\uJk{tk)\ = ^ \Dwk{t)\dt < ' f3kit)dt < Cniax(/3fc(tfe),efe|4|) 
implies that p^^l^kitk)] 0. 



If Xi is not exceptional, by DroDOsition lll.il \Dwk{tk)\ < Ceke . Hence 

\wk{tk)\<Ce-^''''''^,^\wk{tk)\ 



Under a local coordinate of M near x^, Wk can be understood as a map Qk ^ C". 
Assume that (Oo,0,(7eo) = lim(0fc, ifc, ge^) in the sense of Cheegcr-Gromov. We 
take the following limit 

w,{t) = lim QkiMt)), where Qfc(z) = -i— (z - K-(tfc)]^) for z € C". 

fc^ + oo Pk{tk) 

H9.1|l implies that |9Qfc(i&A;(i))| = 0{ek), hence the limit Wo is holomorphic. 
Apply DroDOsition 111.11 we can show that \Dwk\Qa,' (^q^-, ~ 0(1) for certain 

a' > a. Consequently 

\Dwo\c-iB,(tk)) = ^ lim -T^lDwklciB^itk)) > ci- 

k-^+oo Pk[tk) 

For j and tk € (?jOfc such that \tk — tk\ is uniformly bounded and to = limt/j S 

Wfc(ifc) = [wfe(4)]^ + «efcrf/j([u'fe(4)]'^), 
Qk{wk{ik)) = -T^K-(4) - + ^-^df,{[wk{ik)f)- 

Pk(tk) Pk[tk) 

Since -^\wkitk)\ ~^ and - Wk{tk)\ < C^t^_tjwk\c],^(^ek)^ ^e 

have 

Wo{io)= lim Qfc(wfe(4))= lim -l—[wk{ik) - Wk{tk)f <^ ■ 

k — »-+oc fc— j'+oo fJkKj'k) 
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Consequently, when (io = limPk/Pk{tk) is bounded on 60, Wo '■ Qo ^ C" can 
be viewed as a holomorphic map such that \Dwo\ < /3o and Wo{dQo) C M". f3o 
is unbounded only when p.; corresponds to an exceptional vertex. Then 

Po(t) = e^i'^-'')^''^ for the cylindrical coordinate t on Qo- By proposition 14.101 
Wo has to be a constant map. Consequently |Z?Wo|c"(Bi(tfc)) — 0; which is a 
contradiction. □ 

Combine theorem 16 . 1 51 and proposition 1 1 1 . 2l we have 

Theorem 11.3 For any > there exists eo > such that when e < eo, 
for any pseudo holomorphic polygon w : (6,j) — *■ {M,J) such that {w,j) € 
A4,j{AI, A'^, x"^) with Ind(/, x) ~ 0, there exists a rigid gradient tree T : (F, 7) 
{L,g\L) such that'DistB^{{w,j),{w,j)) <ro. □ 
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